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In this paper we revise a perfect uid FRW model with time-varying constants \but" taking into account the e�ects
of a \c -variable" into the curvature tensor. We study the model under the following assumptions, div(T ) = 0
and div(T ) 6= 0; and in each case the at and the non-at cases are studied. Once we have outlined the new �eld
equations, it is showed in the at case i.e. K = 0, that there is a non-trivial homothetic vector �eld i.e. that this case
is self-similar. In this way, we �nd that there is only one symmetry, the scaling one, which induces the same solution
that the obtained one in our previous model. At the same time we �nd that \constants" G and c must verify, as
integration condition of the �eld equations, the relationship G=c2 = const: in spite of that both \constants" vary.
We also �nd that there is a narrow relationship between the equation of state and the behavior of the time functions
G; c and the sign of � in such a way that these functions may be growing as well as decreasing functions on time
t; while � may be a positive or negative decreasing function on time t: In the non-at case it will be showed that
there is not any symmetry. For the case div(T ) 6= 0; it will be studied again the at and the non-at cases. In order
to solve this case it is necessary to make some assumptions on the behavior of the time functions G; c and �: We
also �nd the at case with div(T ) = 0; is a particular solution of the general case div(T ) 6= 0:

1. Introduction

Since the pioneering work of Dirac ([1]), who proposed,
motivated by the occurrence of large numbers in Uni-
verse, a theory with a time variable gravitational cou-
pling constant G , cosmological models with variable G
and nonvanishing and variable cosmological term have
been intensively investigated in the physical literature
(see for example [2]-[14]).

Recently , the cosmological implications of a vari-
able speed of light during the early evolution of the
Universe have been considered. Varying speed of light
(VSL) models proposed by Mo�at ([15]) and Albrecht
and Magueijo ([16]), in which light was travelling faster
in the early periods of the existence of the Universe,
might solve the same problems as ination. Hence they
could become a valuable alternative explanation of the
dynamics and evolution of our Universe and provide
an explanation for the problem of the variation of the
physical \constants". Einstein's �eld equations (EFE)
for Friedmann{Robertson{Walker (FRW) spacetime in
the VSL theory have been solved by Barrow ([17]), who
also obtained the rate of variation of the speed of light
required to solve the atness and cosmological constant
problems (see J. Magueijo ([18]) for a review of these
theories).

1E-mail: abelcal@ciccp.es
2E-mail: JoseL Carames@mat.ucm.es

This model is formulated under the strong assump-
tion that a c variable (where c stands for the speed of
light) does not introduce any corrections into the cur-
vature tensor, furthermore, such formulation does not
verify the covariance and the Lorentz invariance as well
as the resulting �eld equations do not verify the Bianchi
identities either (see Bassett et al [19]).

Nevertheless, some authors (T. Harko and M. K.
Mak [20] and P.P. Avelino and C.J.A.P. Martins [21])
have proposed a new generalization of General Rela-
tivity which also allows arbitrary changes in the speed
of light, c , and the gravitational constant, G , but in
such a way that variations in the speed of light intro-
duce corrections to the curvature tensor in the Einstein
equations in the cosmological frame. This new formula-
tion is both covariant and Lorentz invariant and as we
will show the resulting �eld equations (FE) verify the
Bianchi identities. We will be able to obtain the energy
conservation equation from the �eld equations as in the
standard case.

The purpose of this paper is to revise a FRW per-
fect uid model with time varying constants (see [22]
and [23]) but taking into account the e�ects of a c
variable into the �eld equations. In our previous mod-
els ([22]-[23]) we worked under the assumption that a
c�variable does not induce corrections into the curva-
ture tensor and hence the classical Friedman equations
remain valid. We will show that such e�ect is minimum
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but exists. In section 2, once we have outlined the Ein-
stein tensor, we check that it veri�es that its covariant
divergence vanishes. Consequently we impose the same
condition to the right hand of the Einstein equation i.e.
div
�
8�G
c4 T ij + gij�

�
= 0: In this way we set the new

�eld equations as well as the Kretschmann scalars. As
we will see, in order to integrate the resulting �eld equa-
tions we will need to consider some assumptions. In
section 3, we will consider the condition div

�
T ij
�
= 0;

and it will be studied two particular cases, the at case,
i.e. K = 0, and the non-at case, K 6= 0: Since with
the proposed method we are not able to solve the so
called at problem we need to study separately both
cases (the at and the non-at cases) introducing such
conditions as an assumption.

In this approach, in the case K = 0; we will show
that the model is self-similar since it is found a non-
trivial homothetic vector �eld. In order to integrate
the FE under the assumptions div(T ) = 0 and K = 0;
we use the Lie group tactic which allows us to �nd a
particular form of G and c for which our FE admit
symmetries i.e. are integrable. As we will show under
these assumptions the FE, only admit one symmetry,
the scaling symmetry. This is the main di�erence with
respect to our previous approach ([22]-[23]) where we
did not consider the e�ects of a c-variable into the cur-
vature tensor in such a way that the resulting FE ad-
mitted more symmetries. We also obtain as integration
condition that the \constants" G and c must verify
the relationship G=c2 = const: in spite of that both
\constants" vary. In this work we have found three so-
lutions. The �rst one is very similar to the de-Sitter
solution i.e. the energy density vanishes, the cosmolog-
ical constant is a true constant while G and c follow
an exponential law as the scale factor. The second and
third solutions behave as the standard FRW where all
the quantities follow power law with respect to time t;
nevertheless the third solution is non-singular. In the
second studied case, the non-at case K 6= 0; we will
show that the FE do not admit any symmetry. Never-
theless we will try to �nd a particular solution imposing
some restrictions.

In section 4 we consider the possibility that div(T ) 6=
0; and we will study again two particular cases, the at
case, i.e. K = 0, and the non-at case, K 6= 0: The
possibility that the covariant conservation condition
div(T ) = 0 be relaxed has been advanced by Rastall
([24]), who pointed out that a non-zero divergence of
the energy{momentum tensor has not been ruled out
experimentally at all yet. In order to integrate the
resulting FE we will need to make some assumptions
(scaling assumptions) about the behavior of the \con-
stants" G; c and �; which allow us to �nd particular
solutions to the FE. This scaling assumptions work
well in the at (homothetic) case, as it is expected, but
they seem very restrictive in the non-at case. It is al-
so showed that we can recover the solution obtained in

the div(T ) = 0 as a particular solution of this model in
such a way that G and c must verify the relationship
G=c2 = const: etc... as it is expected.

In section 5 we end with a brief conclusions.

2. The model

We will use the �eld equations in the form:

Rij � 1

2
gijR =

8�G(t)

c4(t)
Tij + �(t)gij; (1)

where arbitrary variations in c and G will be allowed.
We assume that variations in the speed of light intro-
duce corrections to the curvature terms in the Einstein
equations in the cosmological frame. In our model vari-
ations in the velocity of light are always allowed to con-
tribute to the curvature terms. These contributions are
computed from the metric tensor in the usual way. The
line element is de�ned by (we are following the O'Neill's
notation [25]):

ds2 = �c(t)2dt2 + f2(t)�

�
�

dr2

1�Kr2
+ r2

�
d�2 + sin2 �d�2

��
; (2)

and the energy momentum tensor is:

Tij = (� + p)uiuj � pgij; (3)

where p and � satis�e the usual equation of state, p =
!� in such a way that ! = const: , usually ! is taken
such that, ! 2 (�1; 1] ; that is to say, our universe
is modeled by a perfect uid : The 4�velocity ui is
de�ned as follows ui =

�
c�1(t); 0; 0; 0

�
such that uiui =

�1:
The �eld equations are as follows:

2
f 00

f
� 2

c0

c

f 0

f
+
f 02

f2
+
Kc2

f2
= �8�G

c2
p+�c2; (4)

f 02

f2
+
Kc2

f2
=

8�G

3c2
� +

1

3
�c2; (5)

where as we can see, the only di�erence with respect to

the usual one is the factor �2 c0c f 0

f in eq. (4). Here a
prime denotes di�erentiation with respect to time t:

Since the divergence of
�
Rij � 1

2gijR
�
vanishes then

we impose that the right hand of equation (1) has zero
divergence too. Therefore applying the covariant diver-
gence to the second member of the �eld equation we
get:

div

�
8�G

c4
T ij + gij�

�
= 0; (6)

where we are considering that 8�G
c4 is a function on

time t . Hence simplifying it yields:

�0 + 3 (! + 1) �H = �
�
G0

G
� 4

c0

c

�
� � �0c4

8�G
; (7)
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where H = f 0=f:
Therefore the new �eld equations are as follows:

2H0 � 2
c0

c
H + 3H2 +

Kc2

f2
= �8�G

c2
p+ �c2; (8)

H2 +
Kc2

f2
=

8�G

3c2
� +

1

3
�c2; (9)

�0 + 3 (! + 1) �H = �
�
G0

G
� 4

c0

c

�
� � �0c4

8�G
; (10)

As we have mentioned in the introduction these �eld
equations are not new in the literature. They have been
outlined by T. Harko and M. Mak ([20]) where they
study a perfect uid model and the inuence of the
time variation of the constants in the matter creation.
Later they study Bianchi I and V model with time vary-
ing constants (taking into account the inuence of a c-
variable into the curvature tensor). Other author are
P.P. Avelino and C.J.A.P. Martins ([21]) and H. Sho-
jaie and M. Farhoudi, have obtained similar equations
([26]) since these authors consider G as a true constant.

We would like to emphasize that deriving eq. (9)
and substituting this result into eq. (8) it is obtained
eq.(7) i.e. the covariant divergence of the right hand of
our �eld equation in the same way as in the standard
cosmological model.

Curvature is described by the tensor �eld Ri
jkl: It

is well known that if one uses the singular behavior
of the tensor components or its derivates as a crite-
rion for singularities, one gets into trouble since the
singular behavior of the coordinates or the tetrad basis
rather than the curvature tensor. In order to avoid this
problem, one should examine the scalars formed out of
the curvature. The invariants RiemS and RiccS (the
Kretschmann scalars) are very useful for the study of
the singular behavior, being these as follows:

RiemS = RijlmR
ijlm; (11)

RiemS :=
12

c4

"�
f 00

f

�2

� 2
f 00

f

f 0

f

c0

c
+

�
f 0

f

�2�
c0

c

�2

+

�
f 0

f

�4

+ 2

�
f 0

f

�2 c2K

f2
+
c4K

f4

#
(12)

and

RiccS := RijR
ij;

RiccS :=
12

c4

"�
f 00

f

�2

� 2
f 00

f

f 0

f

c0

c
+

�
f 0

f

�2�
c0

c

�2

+

+

�
f 0

f

�4

+ 2

�
f 0

f

�2
c2K

f2
+
c4K

f4
+

f 00

f

 
c2K

f2
+

�
f 0

f

�2
!
� f 0

f

c0

c

c2K

f2
� c0

c

�
f 0

f

�3
#
:(13)

In order to try to solve eqs. (8)-(10) we need to make
some hypotheses on the behavior of the quantities.

3. Solution I. divT = 0:

In this �rst solution we make the following assumption

divT = 0 (14)

and we will consider two subclasses, the at and the
non-at cases.

Our tactic consists in studying the �eld equations
through the Lie method (see [27]� [28]� [29]). In par-
ticular we seek the forms of G and c for which our �eld
equations admit symmetries i.e. are integrable.

We will consider the followingassumption divT = 0;
which transforms eq.(10) into these two new equations:

�0 + 3 (! + 1) �H = 0; (15)

G0

G
� 4

c0

c
= � �0c4

8�G�
: (16)

In order to use the Lie method, we rewrite the �eld
equations as follows. From (8 and 9) we obtain

2H0 � 2
c0

c
H � 2

Kc2

f2
= �8�G

c2
(p+ �) ; (17)

From equation (15), we can obtain

H = � 1

3 (! + 1)

�0

�
=) H = �C1

�0

�
; (18)

where C1 = 1
3(!+1) ; therefore

�2C1

�
�00

�
� �02

�2

�
+ 2C1

�0

�

c0

c
� 2

Kc2

f2
=

= �8�G

c2
(! + 1) �; (19)

hence

�00 =
�02

�
+ �0

c0

c
� 2

Kc2

f2
� + A

G

c2
�2; (20)

where A = 12� (! + 1)2 > 0; 8!: Following this tactic
we try to make the smallest hypothesis number and
to obtain the exact behavior of the \constants" G; c
and �:Following other tactics we are obliged to make
assumptions that could be unphysical.

3.1. Flat case. Self-similar approach.

As have been pointed out by Carr and Coley ([30]), the
existence of self- similar solutions (Barenblatt and Zel-
dovich ([31])) is related to conservation laws and to the
invariance of the problem with respect to the group of
similarity transformations of quantities with indepen-
dent dimensions. This can be characterized within gen-
eral relativity by the existence of a homothetic vector
�eld and for this reason one must distinguish between
geometrical and physical self-similarity. Geometrical
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similarity is a property of the spacetime metric, where-
as physical similarity is a property of the matter �elds
(our case). In the case of perfect uid solutions ad-
mitting a homothetic vector, geometrical self-similarity
implies physical self-similarity.

As we show in this section as well as in previous
works, the assumption of self-similarity reduces the
mathematical complexity of the governing di�erential
equations. This makes such solutions easier to study
mathematically. Indeed self-similarity in the broadest
Lie sense refers to an invariance which allows such a
reduction.

Perfect uid space-times admitting a homothetic
vector within general relativity have been studied by
Eardley ([32]). In such space-times, all physical trans-
formations occur according to their respective dimen-
sions, in such a way that geometric and physical self-
similarity coincide. It is said that these space-times
admit a transitive similarity group and space-times ad-
mitting a non-trivial similarity group are called self-
similar. Our model i.e. a at FRW model with a per-
fect uid stress-energy tensor has this property and as
already have been pointed out by Wainwright ([33]),
this model has a power law solution.

Under the action of a similarity group, each phys-
ical quantity � transforms according to its dimension
q under the scale transformation. For space-times with
a transitive similarity group, dimensionless quantities
are therefore spacetime constants. This implies that
the ratio of the pressure of the energy density is con-
stant so that the only possible equation of state is the
usual one in cosmology i.e. p = !� , where ! is a con-
stant. In the same way, the existence of homothetic
vector implies the existence of conserved quantities.

In the �rst place we would like to emphasize that
under the hypothesis K = 0; we have found that the
space-time (M; g) is self-similar since we have been able
to calculate a homothetic vector �eld, XH 2 X(M );
that is to say

LXg = 2g; (21)

where

XH =

�R
c(t)dt +C1

c(t)

�
@t+

+

�
1�

�R
c(t)dt +C1

c(t)

�
H

�
(x@x + y@y + z@z) :(22)

This kind of space-times have been studied by
(Eardly ([32]), Wainwright ([33]), K. Rosquits and R.
Jantzen ([34]) and for reviews see Carr and Coley ([30])
and Duggal et al ([35])).

As we have mentioned above we are only interested
in the case K = 0 for this reason eq. (20) yields

�00 =
�02

�
+ �0

c0

c
+ A

G

c2
�2: (23)

Now, we apply the standard Lie procedure to this
equation. A vector �eld X = �(t; �)@t + �(t; �)@�; is a
symmetry of (23) i�

�� + ���� = 0; (24)

�c� 2c0�2�� � c��� + c�2��� � 2c�2�t� = 0; (25)

�cc0��t � 3�3AG�� +
�
c0
2
� � cc00�

�
�+

+2c2��t� � c2��tt � 2c2�t = 0; (26)

�2AG�� + c2�tt � cc0�t � 2�AG��

�2�2AG�t + �2A�

�
2G

c0

c
� G0

�
= 0; (27)

Solving (24-27), we �nd that

� = at+ b; � = �2a�; (28)

subject to the following constrains, from eq. (26):

c00 =
c02

c
� ac0

at + b
; (29)

and from eq. (27)

G0

G
= 2

c0

c
; (30)

where a and b are numerical constants.
We would like to emphasize that this is the main dif-

ference with respect to our previous work ([22]) where
we found that the model admitted more symmetries.
Note that in this paper we are considering that a c-
variable introduces corrections into the curvature ten-
sor, this possibility brings us to obtain a new eq. (23)

which contains an extra term
�
�0 c

0

c

�
with respect to

the employed one in our previous paper ([22]).
In this situation we have found that this model only

admits two symmetries X1 = @t i.e. a movement and
X2 = t@t � 2�@�; i.e. a scaling symmetry as it is ex-
pected in this kind of models (self-similar model). In
such a way that [X1; X2] = X1 i.e. they form a L2

Lie-algebra, see ([28]).
From (30) we can see that

G � c2 i:e:
G

c2
= const := B; (31)

(where we will assume that B > 0) that is to say, that
both constants vary but in such a way that the relation-
ship G

c2 remains constant for any t and independently
of the any value of the constants a and b: For this
reason our equation (23) may be rewritten as follows

�00 =
�02

�
+ �0

c0

c
+ A�2; (32)

where A = 12� (! + 1)2B = const > 0; 8!; (! 6= �1);
in such a way that all the restrictions come from eq.
(29).
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The knowledge of one symmetry X might suggest
the form of a particular solution as an invariant of the
operator X i.e. as solution of

dt

�
=

d�

�
; (33)

this particular solution is known as an invariant solu-
tion (generalization of similarity solution) furthermore
an invariant solution is in fact a particular singular so-
lution.

In order to solve (32), we consider the following cas-
es.

3.1.1. Case I.

Taking a = 0; b 6= 0; we get

c00 =
c02

c
; =) c(t) = K2e

K1t; (34)

where the (Ki)
2
i=1 are integration constants. In this

way we �nd that from eq. (30) G behaves as:

G = K2
2e

2K1t: (35)

Therefore the equation (32) yields:

�00 =
�02

�
+ �0K1 +A�2; (36)

where X1 = @t: The use of the canonical variables
brings us to an Abel ode:

y0 = �Ax2y3 �K1y
2 � y

x
; (37)

where x = � and y = 1=�0; since we cannot solve it,
then we try to obtain a solution through the invariants

This method brings us to the following relationship

dt

�
=

d�

�
=) � � const := �0; (38)

which seems not to be physical. This particular solution
must satisfy eq. (32) which means that � = 0: With
this solution we go back to eq. (9)

3H2 = �c2; (39)

and from eq. (16) it is obtained the behavior of \con-
stant" ��
G0

G
� 4

c0

c

�
� = ��0c4

8�G
= 0 =) � = �0 = cons:; (40)

therefore

3H2 = �0K
2
2e

2K1t =) (41)

f = C1 exp

0
@
q

�0
3

K1
exp(K1t)

1
A ; (42)

with

RiemS := 24K4
1 ; RiccS := 36K4

1 : (43)

This symmetry has brought us to obtain a super
de Sitter solution, with a energy density vanishing and
with a scale factor growing like a power of exponential
functions, while G and c follow an exponential func-
tions that depends of the constant K1: If for example
we �x K1 = 1; then there is a sudden singularity in
a �nite time, in this case both \constants" G and c
are growing functions on time t: While if K1 = �1;
the scale factor reaches an asymptotic behavior with G
and c decreasing on time t: In any case � = const: > 0;
i.e. is a true positive constant.

3.1.2. Case II.

Taking b = 0; a 6= 0; we get that the in�nitesimal X
is X1 = t@t � 2�@� , which is precisely the generator of
the scaling symmetries. Therefore the invariant solu-
tion will be the same than the obtained one with the
dimensional method.

With these values of a and b equation (29) yields

c00 =
c02

c
� c0

t
; =) c(t) = K2t

K1 ; (44)

as we expected, c(t) follows a power-law solution (self-
similar solution), where K1 and K2 are numerical con-
stants, K1;K2 6= 0. We would like to emphasize that
with this behavior for c the homothetic vector �eld be-
haves as:

XH =
t

K1 + 1
@t+

�
1� tH

K1 + 1

�
(x@x + y@y + z@z)(45)

as in the standard model (see for example Eardley
([32]) and Wainwrith ([33])).

In this way G behaves as:

G = K2
2 t

2K1 : (46)

Therefore equation (32) yields:

�00 =
�02

�
+ �0

K1

t
+A�2; (47)

we expect that this ode admits a scaling solution (i.e.
that the energy density follows a power law solution)
as it is expected in this kind of models.

The canonical variables bring us to obtain an Abel
ode

y0 = x (2 + 2K1 � Ax) y3 � (1 +K1)y
2 � y

x
; (48)

where x = �t2 and y = 1
t2(�0t+2�) ; and which solution

is unknown
The solution obtained through invariants is:

dt

�
=

d�

�
=) � � t�2; � =

2(1 +K1)

At2
; (49)

�nding that K1 > �1 from physical considerations i.e.
� > 0 i� K1 > �1: This is the kind of solution expect-
ed in a self-similar model (see for example Wainwrith
([33]) and Jantzen ([34])).
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From eq. (16) it is obtained the behavior of \con-
stant" �

�0 = 16�B�
c0

c3
=) � = � 16�BK1

K2
2At

2(1+K1)
; (50)

as it is observed if K1 > 0 then � is a negative de-
creasing function on time t;while if K1 < 0 then � is
a decreasing function on time t; but with the restric-
tion K1 2 (�1; 0) : We would like to emphasize that
the self-similar relationship

� t
1

c2t2
t

1

K2
2 t

2(1+K1)
; (51)

is trivially veri�ed as it is expected in this kind of solu-
tions.

Now, we will calculate the scale factor f: In order
to do that we may follow two ways, in the �rst one,
from eq. (15) we �nd that

f = f0t
2=3(!+1); (52)

where f0 =
�

A!A
2(1+K1)

�1=3(!+1)
; observing again that

necessarily K1 > �1:
If we follow our second way it is found that from eq.

(9 with K = 0)

3H2 =
16�B

At2
=) f = f0t

p
H0 ; (53)

where H0 = 16�B
3A ; but taking into account the value

of A = 12� (! + 1)2B; then H0 =
4

9(!+1)2
; and hencep

H0 = 2
3(!+1) ; as it is expected from eq. (52). There-

fore this new way does not add any more information.
In this way we found that

H =
p
H0t

�1; q =
d

dt

�
1

H

�
� 1 =

1p
H0

� 1: (54)

therefore q < 0 i� ! 2 ��1;�1
3

�
; note that if ! <

�1 (phantom cosmology) ; then f(t) is a decreasing
function on time t .

If we make the assumption (scaling symmetry) on
the scale factor

f t ct =) f t tK1+1 (55)

in such a way that equating this expression with eq.
(52) then

K1 = � 1 + 3!

3 (! + 1)
(56)

�nding that K1 > 0 () ! 2 ��1;�1
3

�
: Hence, if

K1 > 0 () ! 2 ��1;�1
3

�
, G and c are growing

functions on time t; while � < 0; i.e. is a negative
decreasing function on time t: In other case, if K1 <
0; G and c are decreasing functions on time t; while
� > 0; i.e. is a decreasing function on time t:

The Kretschmann scalars behave as:

RiemS t
1

K4
2 t

4(1+K1)
; RiccS t

1

K4
2 t

4(1+K1)
; (57)

�nding in this way that if K1 < �1 (forbidden possi-
bility) then both scalars tend to zero while if K1 > �1;
then both scalars tend to in�nity i.e. there is a true
singularity.

In the �rst place we would like to emphasize that
this is the solution that we have obtained in our pre-
vious works using D.A. (see [23] and [36]). This is due
to two reasons. The �rst one, because D.A. is a pow-
erful tool that may be used even when the FE are not
well outlined. The second one, because in the previous
works we were using only three of the FE, ignoring eq.
(8) and using eqs. (9,15 and 16). Therefore the solution
found in those papers work well and we refer to them
for all the physical considerations.

In this approach we are supposing that q < 0 i.e.
the universe accelerates due to a equation of state
! 2 ��1;�1

3

�
; but as it has been pointed out by

R.G.Vishwakarma (see [37]) the acceleration of the uni-
verse may be explained through di�erent mechanisms
in such a way that q < 0 while ! 2 [0; 1] : In this way
we would like to stress that to solve some of the cosmo-
logical problems that present the standard model, we
have found that K1 > �1; with K1 = � 1+3!

3(!+1) in such

a way that if K1 > 0 i� ! 2 ��1;�1
3

�
then q < 0 and

G and c are growing functions on time t , while � is a
negative decreasing function on time t: With K1 < 0;
q > 0 and G and c are decreasing functions on time
t , while � is a positive decreasing function on time t;
i.e. there is a narrow relationship between the behavior
of G and c and the sign of � controlled by !:

3.1.3. Case III.

This case is a generalization of the above case, simply,
we will avoid the singular case. Taking a; b 6= 0 we get

c00 =
c02

c
� ac0

at+ b
; =) c(t) = K2 (at+ b)

K1
a ;(58)

obtaining in this case that G behaves as:

G = K2
2 (at+ b)

2K1
a ; (59)

hence equation (23) yields:

�00 =
�02

�
+ �0

K1

at+ b
+ A�2; (60)

The canonical variables bring us to an Abel ode

y0 = x
�
2a2 + 2aK1 � Ax

�
y3 � (a+K1)y

2 � y

x
; (61)

where x = � (at+ b)2 and y = 1
(at+b)2(�0(at+b)+2a�)

;

that is to say, we obtain a very complicate ode which
at this time we do not know how to solve. Nevertheless,
as we have pointed out in ([23]) the general solution of
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this kind of equations are unphysical, for this reason it is
su�cient consider particular solutions obtained through
the invariants.

The solution obtained through invariants is:

dt

�
=

d�

�
=) � =

2a(a+K1)

A (at+ b)2
; (62)

where it is observed that K1 > �a (but if you choose
a = b = 1; then we have the same result as before
i.e. K1 > �1). Therefore the scale factor behaves as:

f =

 
A!A (at + b)2

2a(a+K1)

!1=3(!+1)

; (63)

=) f = f0 (at+ b)2=3(!+1) (64)

which is very similar to the last result (see eq. (52) but
in this occasion this solution is non-singular).

We end �nding the behavior of �, as in previous
cases taking into account eq. (16) it is obtained:

�0 = 16�B�
c0

c3
(65)

=) � = � 16�

AK2
2

BaK1

(at+ b)2(
K1
a +1)

; (66)

as we can see in this case if K1 > 0 then � is a negative
decreasing function on time t:

The Kretschmann scalars behaves as:

RimS t
1

K4
2 (at+ b)4(1+K1)

; (67)

RiccS t
1

K4
2 (at+ b)4(1+K1)

; (68)

showing a non-singular state when t runs to zero.
This solution is very similar to the previous one

except that this solution is non-singular. In fact, the
above solution is a particular solution of this one.

3.2. The non-at case.

In this subsection we go next to study the particular
case K 6= 0: One of the drawbacks of the above ap-
proach is that we need to make the assumption K = 0
i.e. our approach is unable of solving the so-called at-
ness problem. In order to research if it is possible to
solve such problemwe go next to study eq. (20) through
the Lie method, seeking symmetries that allow us to ob-
tain any solution in closed from. But as we will see eq.
(20) does not admit any symmetry in such a way that
in order to obtain a particular solution we will impose
a concrete symmetry, but this is precisely the method
that we are trying to avoid, to make assumptions or at
least to make the minor number of assumptions or to
make assumptions under any physical or mathematical

(symmetries) well founded reasons. We only explore
one case.

Therefore the equation under study is:

�00 =
�02

�
+ �0

c0

c
� 2

Kc2

f2
� + A

G

c2
�2; (69)

but as

divT = 0() � = A!f
3(!+1);=) (70)

f =

�
�

A!

� 1
3(!+1)

;=) f = (�)
1

3(!+1) ; (71)

and hence

�00 =
�02

�
+ �0

c0

c
� 2c2�a + A

G

c2
�2; (72)

where a = 3!+1
3(!+1) ; and for simplicity we have adopted

the case K = 1:

The Lie group method brings us to obtain the fol-
lowing system of pdes

���� + �� = 0; (73)

���1�� � 2
c0

c
�� + ��� � 2�t� + ��2� = 0; (74)

 �
c0

c

�2

� c00

c

!
� + 3�2

�
2c2�a�2 �A

G

c2

�
���

�2��1�t � �tt + 2�t�� c0

c
�t = 0; (75)

�tt � c0

c
�t+�

2

�
A
G

c2
� 2c2�a�2

�
��+

+2�2
�
2c2�a�2 � A

G

c2

�
�t+

+A�2
G

c2

�
4�a�2

c4

AG

c0

c
� G0

G
+ 2

c0

c

�
�+

+2�

�
ac2�a�2 �A

G

c2

�
� = 0; (76)

which has no solution, that is to say, eq. (72) does not
admit any symmetry, for this reason we will need to
follow other approaches.

For example, if we \impose" any particular symme-
try X; maybe we may found some restrictions for the
behavior of the quantities G; c and �: We will explore
such possibility.
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3.2.1. Case I.

In this case, we choose (� = 1; � = 0) ; i:e: X = @t; in
such a way that from eq.(75) it is obtained the following
restriction

c00 =
c0
2

c
=) c(t) = K2e

K1t; (77)

and from eq.(76) it is obtained the following one

2

�
2�a�2

c4

AG
+ 1

�
c0

c
=

G0

G
; (78)

hence

2

�
2�a�2

K4
2e

4K1t

AG
+ 1

�
K1 =

G0

G
; (79)

as we can see from eq. (78), we cannot obtain the con-
dition G = Bc2 (as in the at solution) since such
condition means that

4�a�2
c4

AG

c0

c
=

G0

G
� 2

c0

c
= 0() � = 0; (80)

that is to say, the energy density vanishes.
In order to �nd a particular solution to eq. (79) we

impose the condition a = 2 (as mathematical condi-
tion) which means that ! = �5

3 � �1; although such
possibility is very restrictive (and maybe unphysical,
the ultra phantom equation of state). In this way it is
found that

G0 = 2K1G+
4K1K4

2e
4K1t

A
; (81)

=) G(t) = C1e
2tK1 +

2

A
K4

2e
4(tK1); (82)

where C1 is an integration constant, therefore eq. (72)
yields

�00 =
�02

�
+ �0K1 +

�
A
C1

K2
2

�
�2; (83)

since this equation has not an explicit (analytical) so-
lution, note that we have obtained the same eq. as in
section 3.1 case I eq. (36), we �nd again that a partic-
ular solution is � = 0; therefore from the �eld equation
(9)

H2 +
K2

2e
2K1t

f2
=

�0

3
K2

2e
2K1t; (84)

and hence in this case we have found that a solution is:

f =

p
3p
�0
�

�
"
2

3
+
1

6
exp

 
2
p
3

3

p
�0K2

K1
(exp(K1t) + C1)

!
�

� exp

 
�p3
3

p
�0K2

K1
(exp(K1t) �C1)

!#
(85)

since

0 =

�
G0

G
� 4

c0

c

�
� = ��0c4

8�G
(86)

=) � = �0 = const: > 0: (87)

This solution looks very unphysical or at least very
restrictive, a vanishing energy density and a constant
cosmological constant and is very similar to the ob-
tained one in section 3.1. case I the super de-Sitter so-
lution, with the same behavior and the same restriction
for the numerical constant K1; i.e. sudden singularities
or asymptotic behavior depending of the sign of K1: In
this case, the employed method does not allow us to
obtain the behavior of G; c and � since the equation
under study does not admit any symmetry.

4. Solution II. divT 6= 0:

In the previous section we have made the assumption
that div(T ) = 0 i.e. the divergence of the energy{
momentum tensor vanishes. Nevertheless we have ob-
tained as general conservation equation eq. (10) i.e.

�0 + 3 (! + 1) �H = �
�
G0

G
� 4

c0

c

�
� � �0c4

8�G
; (88)

i.e. div(T ) = �0 + 3 (! + 1) �H 6= 0 and we have
assumed a particular case (with perfect mathematical
sense) div(T ) = 0: In this section we will study the
general case div (T ) 6= 0:

The possibility that cosmological and physical con-
siderations may require that the covariant conservation
condition div(T ) = 0 be relaxed has been advanced
by Rastall ([24]), who pointed out that a non-zero di-
vergence of the energy{momentum tensor has as yet
not been ruled out experimentally at all. In Rastall's
theory ([24]), the divergence of T is assumed to be
proportional to the gradient of the scalar curvature S ,
div(T ) = �grad(S) , where� � = constant , and in fact
the modi�ed �eld equations are equivalent to standard
general relativity with an additional variable � term.
We refer to the reader to the Harko and Mark work
([20]) to see a matter creation and thermodynamical
approach in this context.

4.1. The at case.

In this case we are going to consider the �eld equations
\but" without the condition div(T ) = 0; i.e. the �eld
equations will be

2H0 � 2
c0

c
H + 3H2 = �8�G

c2
p +�c2; (89)

3H2 =
8�G

c2
� +�c2; (90)
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�0 + 3 (! + 1) �H = �
�
G0

G
� 4

c0

c

�
� � �0c4

8�G
; (91)

but as we can see we have 2 equations with 5 un-
knowns, therefore it is necessary to make some assump-
tions, for example in the behavior of G; c and � as
follows:

G = G0H
a; c = c0H

b; � = �0c
�2H2; (92)

where G0; c0 and �0 are dimensional constants and
a; b 2 R; without any restriction i.e. we do not need to
assume any concrete sing or value for these numerical
constants. Furthermore, we must stress that the condi-
tions K = 0; together to power law assumptions bring
us to a scaling solution.

Taking into account these assumptions and form eq.
(90) we obtain �

� =

�
3� �0

d0

�
H2(1+b)�a; � = �0H

2(1+b)�a; (93)

where d0 = 8�G0=c20; and taking this relationship into
eq. (91), we obtain the following ode in quadrature

�
H0

H
+ 3 (! + 1)H = �aH

0

H
+ 4b

H0

H
� ~K

H0

H
; (94)

and therefore�
�+ a � 4b+ ~K

� H0

H2 = �3 (! + 1) ; (95)

where � = 2(1 + b)� a; ~K =
�
2(1� b)c20�0=8�G0�0

�
;

and therefore

H0

H2
= � (! + 1) (3� �0)

2 (1� b)
; (96)

=) H = h0nt
�1;=) f = f0t

h0n; (97)

where n = (!+1)(3��0)
2(1�b) ; and h0 = const > 0; is an

integration constant and we impose that b 6= 1;�0 6= 3
and ! 6= �1: As we can see, there are some restrictions,
for example, if ! 2 (�1; 1] then b;�0 must verify at the
same time that b < 1 and �0 < 3 or b > 1 and �0 > 3:
Now if ! < �1 then it should exist a combination
between the signs of b;�0 such that n > 0, in other
way, the radius of the Universe decreases. It is observed
that the behavior of the scale factor does not depend of
the constant a , i.e. of the behavior of the gravitational
\constant".

Once we have obtained the behavior of f i.e. of H
we go next to complete our calculations of the rest of
the quantities i.e.

� = �0H
2(1+b)�a

t ta�2(1+b); (98)

with the restrictions

�0 (h0n)
2(1+b)�a > 0; a� 2(1 + b) < 0; (99)

i.e. we are assuming that the energy density is a posi-
tive decreasing function on time t .

It is observed too that if 2b = a; then we obtain the
particular solution � t t�2; as well as the realtionship
G=c2 = const: as in the above cases, i.e. the obtained
solution under the assumption div(T ) = 0: In this way
we can se that the div(T ) = 0 case is a particular so-
lution of the div(T ) 6= 0 case, as one may expected,
but we have not any physical or mathematical (sym-
metry or integrability condition) reason to assume such
relationship.

We end calculating the behavior of the \constants"
G; c and � i.e.

G = G0h
a
0n

at�a; c = c0 (h0n)
b t�b; (100)

� = �0c
�2
0 (h0n)

2(b�1) t2(b�1); (101)

in such a way that � will be a decreasing function on
time i� b < 1:

In this way we found that

H = h0nt
�1; and (102)

q =
d

dt

�
1

H

�
� 1 =

2 (1� b)

h0 (! + 1) (3� �0)
� 1; (103)

therefore q < 0 i� j2 (1� b)j < jh0 (! + 1) (3� �0)j :
The Kretschmann scalars behave as:

RiemS t
1

c40t
4(1�b) ; RiccS t

1

c40t
4(1�b) ; (104)

�nding in this way that there is a true singularity.
In this case we have found a scaling solution as it

is expected for this kind of models (K = 0). As we
can see the scale factor f does not depend of G only
of c and �: The energy density � depends of G and
c: Nevertheless we have not been able to �nd better
restrictions for the introduced (ad hoc) numerical con-
stants a and b such that they give us more information
about the behavior of the time functions G , c and �

4.2. The non-at case.

As in the above section we will study the case K 6= 0
separately. For this purpose the FE are now:

2H0 � 2
c0

c
H + 3H2 +

Kc2

f2
= �8�G

c2
p+ �c2; (105)

H2 +
Kc2

f2
=

8�G

3c2
� +

1

3
�c2; (106)

�0 + 3 (! + 1) �H = �
�
G0

G
� 4

c0

c

�
� � �0c4

8�G
; (107)

but as we can see we have 2 equations with 5 un-
knowns, therefore it is necessary to make some assump-
tions, for example in the behavior of G; c and � as
follows:

G = G0H
a; c = c0H

b; � = �0c
�2H2; (108)
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where G0; c0 and �0 are numerical constants. We must
stress that in this occasion these hypotheses could be
unphysical since K 6= 0 and we are imposing a scaling
behavior typical of the at case.

Taking into account these assumptions and form eq.
(106) we obtain �

� =

�
3� �0

d0

�
H2(1+b)�a +

Kc0H2b

f2
; (109)

� = �0H
2(1+b)�a +

Kc0H2b

f2
; (110)

where d0 = 8�G0=c20; and taking this relationship into
eq. (107), we obtain the following second order for f

f 00 = �D1
(f 0)2b

f (1+2b)
+D2

(f 0)2

f
; (111)

where

D1 =
(3! + 1)

2

Kc20
(1� b)

; (112)

D2 =

�
1� (! + 1)

2

(3� �0)

(1� b)

�
: (113)

In the �rst place we may note that (b 6= 1) and that
if ! = �1=3 =) D1 = 0; independently of the value
of constant K , in this case we are mainly interested in
the K 6= 0 case : If K = 0; or D1 = 0 then we obtain
again the solution already obtained in the latter (last)
case.

Calculation of Eq. (111). making the following
change of variables it is obtained the �rst order ode

(x = f; y =
1

f 0
) =) (114)

y0 = D1x
�(1+2b)y3�2b �D2x

�1y; (115)

and which solution is:

y =

�
C1x

2D2(1�b) +
2(b� 1)D1

(2bD2 � 2D2 � 2b)
x�2b

� 1
2b�2

;

therefore

f 0 =
�
C1f

2D2(1�b) +
2(b� 1)D1

(2bD2 � 2D2 � 2b)
f�2b

� 1
2(1�b)

;

and hence

t =

Z f

J(u)du+ C2; (116)

where

J(u) =
�
C1u

2D2(1�b)+

+
2(b� 1)D1

(2bD2 � 2D2 � 2b)
u�2b

� 1
2(1�b)

:

Since we have not obtain information about the be-
havior of f then we try to �nd a particular solution.
For this purpose, we observe that eq. (111) admits the
following symmetries:

X1 = @t; X2 = t@t + (1� b) f@f ; (117)

where we would emphasize that X2 is a scaling sym-
metry, maybe induced by the hypotheses about the be-
havior of G; c and �; (scaling relationships).

The invariant solution (particular solution) that in-
duces X2 is the following one:

dt

t
=

df

(1� b)f
=) f = f0t

(1�b); (118)

with

f0 =
D1(b� 1)

D2(b � 1)� b

s
D2(b� 1)� b

D1(b� 1)
= (119)

=
Kc20 (1 + 3!)

(3! + 1� �0(! + 1))

s
(3! + 1� �0(! + 1))

Kc20 (1 + 3!)
; (120)

and we necessarily impose that b < 1 and b 6= 0; this
means that if b! 1 them f ! f0: As we can observe
K 6= 0; and we must be careful with the signs since
if K = �1 then it should be satis�ed the relationship
3! + 1 < �0(! + 1):

In this way we found that

H = (1� b)t�1; and (121)

q =
d

dt

�
1

H

�
� 1 =

1

1� b
� 1 =

b

1� b
; (122)

therefore q < 0 i� b < 0; which implies that c is a
growing function on time t .

If we make the assumption (scaling-symmetry) on
the scale factor

f t ct =) f t t(1�b); (123)

The Kretschmann scalars behave as:

RiemS t
1

C4t4(b�1)
; RiccS t

1

C4t4(b�1)
; (124)

�nding in this way that there is a true singularity.
Calculation of �; and the possible restrictions for

the constants a and b:

� = �0 (1� b)2b�a+2 ta�2(b+1)+K
c0
f20

(1� b)2b t�2;(125)

and

G t G0t
�a; c t c0t

�b; � t �2
0t
2(b�1): (126)

As we have seen, we have only been able to obtain a
particular solution. Imposing so many hypotheses, we
lose information and we do not know how to recover it
in such a way that we are not able to know better the
behavior of the time functions G; c and �:
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5. Conclusions.

In this paper we have studied a perfect uid FRW
model with time-varying constants \but" taking into
account the possible e�ects of a c�variable into the
curvature tensor. In this way, as other authors have
already pointed out, such e�ects are minimum in the
�eld equations but they exists and are very restrictive.
Under the made hypotheses, we have seen that the Ein-
stein tensor has covariant divergence zero, in this way
we have imposed that the right hand of the �eld equa-
tions has a vanishing divergence too i.e.

div

�
8�G

c4
T + g�

�
= 0: (127)

In this way we have obtained the set of the new FE,
emphasizing the fact that we can recover eq. (127) from
the �eld equations as in the standard case i.e. deriving
one of them and simplifying with the other one.

In other to solve the resulting FE we have considered
the following cases. In the �rst case we have imposed
the condition div(T ) = 0; as a particular case of eq.
(127) and we have studied the at and non-at cases.
We have needed to make such distinction because with
the employed method we are not able of solving the so
called atness problem, for this reason we have needed
to study separately then.

The at case under this hypothesis is the already
studied one in our previous works (see [22]) and un-
der this new considerations i.e. taking into account
the e�ects of a c-variable into the curvature tensor, we
have shown that the scaling solutions the only one while
in ([22]), without this new assumption, we obtained
more solutions, i.e. we obtained other solutions apart
from the scaling solution. We would like to emphasize
that it has been obtained as integration condition that
the \constants" G and c must verify the relationship
G=c2 = cosnt: in spite of the fact that both \constants"
vary. This result is in agreement with our scaling so-
lution obtained in our previous work (see [22]) but in
those works we needed to make such relationship as
assumption.

We have also shown that this model is self-similar
since we have been able of obtaining a non-trivial ho-
mothetic vector �eld. This result is agreement with the
obtained scaling solution as it is well known.

With the obtained solution, if we want to solve the
acceleration of the universe i.e. q < 0, then the time
function G and c are growing function on time t , while
� is a negative decreasing function on time t; in this
case the equation of state belong to the interval: ! 2
(�1;�1=3). In other cases G and c are decreasing
function while � is a positive decreasing function and
in this case the equation of state belongs to the interval:
! 2 [�1=3; 1] :

The non-at case does not admit any symmetry and
the particular studied case looks very unphysical.

The second class of studied models veri�es the con-
dition div(T ) 6= 0; i.e. without imposing any restric-
tion to eq. (127) and we have studied again the at and
non-at cases. To solve these cases we have needed to
make scaling assumptions on the behavior of the time
functions G , c and �. These assumptions work well in
the at case (self-similar case) but in the non-at case
seem very restrictive. In the at case, it is found for the
made assumptions, that there is a relationship between
the numerical constants that determine the behavior of
G and c that brings us to obtain again the particular
case div(T ) = 0; i.e. such case could be seen as a par-
ticular solution of the more general case div(T ) 6= 0:

Acknowledgments: We wish to acknowledge to
Javier Aceves his translation into English of this paper.
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It is shown here, that relativistic shrinkage of the length of moving body is realizing strongly synchronously with the
change of its velocity and is continuously self-sustaining without the e�ect of any forces. This shrinkage is caused
by inertial isobaric self-contraction of body matter and by propagation of changes of the strengths of inertia forces
�eld together with the front of body intrinsic time. A mechanism of kinetic energy �lling (accumulation) of a body
is considered and propagation of the phase waves of perturbation of gravitational �eld at supraluminal velocity is
substantiated here.

1. Introduction

Physical processes during their separate stages can be
accompanied and can be not accompanied by transfer
of matter or its excited state in space. In the �rst case,
they are characterized by group velocity V of trans-
fer of particles and quasi-particles (photons, phonons,
excitons etc.). This velocity cannot exceed the veloc-
ity of light in free space (equal to one if distances are
measured in light units of length). In the second case,
they are characterized by phase velocity U of propaga-
tion of change of collective space-time state of matter.
The change of this state of matter realizes, as suggested
here, together with the change of graviinertial stressed
state in a space, �lled with matter. Therefore, not on-
ly propagation of change of collective space-time state
of matter but also propagation of induction of strength
of inertia forces �eld in intrinsic frame of reference of
space coordinates and time (FR) of hypothetical incom-
pressible (perfectly rigid) body will happen momentar-
ily (u � 1). Phase velocity of propagation of induc-
tion of spatial distribution of the strength of inertia
forces �eld in an incompressible body, which moves rel-
atively to the hypothetically physically homogeneous
physical vacuum (PV) at a constant velocity V , in the
fundamental FR of physical vacuum (PVFR) will not
be in�nitely high, but equal to: U = c2=V = V �1
(c = 1). This fact is connected with translational mo-
tion of body, in which a wave front of induction of gravi-
inertial stressed state propagates.

1E-mail: pavlo@vingeo.com

2. Derivation of dependence of
relativistic length shrinkage on
velocity of the body

Let the incompressible body moves uniformly in pseudo-
Euclidean Minkowski space-time of the PVFR at abso-
lute velocity V0 (before the induction of the strength
of inertia forces �eld in it). Also let the initial distance
along the movement route between two arbitrary points
(i and j ) of the body in the PVFR absolute space (in
which frequency of universal background is isotropic)
is equal to Xij0 . Then after body transition into new
steady state of its uniform motion at absolute velocity
Vj = Vi = V , the distance between these two points
will be equal to:

Xij = Xij0 + (V0�Tij0 + �Xj)� (V �Tij + �Xi) =

= (�20Xij0 + �Xj � �Xi)�
�2 = �Tij�

�2V �1; (1)

where:

�Tij0 = Xij0(U0 � V0)
�1 = �20V0Xij0; (2)

and:

�Tij = [Xij0 + (V0�Tij0 + �Xj)� �Xi]U
�1 =

V (�20Xij0+ �Xj � �Xi) = Xij(U �V )�1 = �2V Xij;(3)

| the durations of time delay of accordingly induc-
tion and removal of the strength of inertial forces �eld
in point j, regarding point i (equal to desynchroniza-
tions, observed in the PVFR, of all the other events,
which are synchronous in these points in the inertial
FR (IFR) of moving body);

| �Xi and �Xj are the traversed paths in absolute
space of accordingly points i and j from the moments
of induction Ti0 and Tj0 till the moments of removal
Ti = Ti0+�Ti and Tj = Tj0+�Tj of strengths of inertia
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forces �eld in these points; �0 = (1 � V 2
0 )

�1=2 and
� = (1� V 2)�1=2 are characteristics of the accordingly
initial and newly-formed IFR;

| U0 � V �1
0 and U � V �1 are velocities of prop-

agation of fronts of processes of induction and removal
of strengths of inertia forces �eld in the PVFR accord-
ingly.

Let's assume that Xij is a function just of V and
depends neither on the value of V0 nor on the law of
body motion before it takes on the value of inertia mo-
tion velocity V . Then, according to (3), �Tij does not
depend on V0 and on this law of body motion either.
Basing on this fact and on the condition V0 = 0, let's
choose a uniformly accelerated motion (as the simplest
law of irregular motion) of the point i of the body before
it takes the value of velocity V :

Vi = �i�Tij; (4)

where ai = dVi=dT is the acceleration of the motion of
point i . Then multiplying the left and the right parts of
the equation (4) by dT and considering the immobility
of the point j during the time �Tij (dXj = 0), we will
obtain the following di�erential equation:

dXij = �dXi = ��TijdV = ��2V XijdV; (5)

solving which we will �nd: Xij = Xij0�0=�,

�Tij = �0�V Xij0 = �Tij0�V=�0V0; (6)

When V0 = 0: Xij = xij=�, and �Tij = �V xij , where:
xij = Xij(0) is the distance between the points j and
i , measured in the IFR of moving body and equal to
the distance between them in absolute space in hypo-
thetical state of body absolute rest relatively to the PV.

So, if an incompressible body proceeds from the
state of rest relatively to the PV into a new-steady state
of inertial motion, then relativistic shrinkage of body
length along the direction of motion really takes place
in PVFR. The value of this shrinkage is determined
by the analytical dependence, discovered by Fitzgerald
and Lorentz independently from each other, and does
not depend on the law of change of strengths:

�Gj(x; V ) = (dPA=dt)=HA =

= �(@ ln vc(x; V )=@x)V =

= �d(Pj=mj)=dT = ��3j�j
of removable gravitational (graviinertial) �eld, which
originates in the intrinsic FR of the body. And con-
sequently, the value of this shrinkage does not depend
on the law of motion of body points during the pro-
ceeding of body from the state of rest or inertial mo-
tion into the state of inertial motion at another velocity.
Here: PA and HA is accordingly linear momentumand
invariable energy (conservative Hamiltonian) of free-
falling (motionless in the PVFR) particle A , which
are de�nite in intrinsic FR of the accelerating body;

vc(x; V ) = cGi(xi; V ) � G(x; V )�1 is improper values
of the velocity of light in free space in body intrinsic
FR (unequal in di�erent points of physically inhomoge-
neous intrinsic space of body in proper quantum time t
of point i); Pj and mj - accordingly linear momentum
in the PVFR and eigenvalue of mass of the point object
(particle) j of the body. At this, conditions:

�Xj � �Xi = �2Xij � �20Xij0 = (� � �0)xij;

�Tj � �Ti = �Tij � �Tij0 = (�V � �0V0)xij; (7)

which follow from (1-3), always guarantee simultane-
ity of removal of strengths of inertial forces �eld in
body intrinsic FR in all body points. And consequent-
ly, they also guarantee a momentary transition in this
FR (without any transient process) of an incompress-
ible body into equilibrium state of inertial motion. And
the ful�llment of these conditions is possible only at the
following distribution of strength of inertia forces �eld
along the moving body:

Gj(V )
�1 = Gi(V )

�1 + xij: (8)

Where, as we supposed, Gi(V ) can vary with time ac-
cording to the arbitrary law. And it speci�es at that
any law of body motion. At that spatial distribution of
strength of graviinertial �eld (inertia forces �eld) un-
conditional realization of the identity will take place:

U = (@X=@x)t � (@T=@x)�1t � V �1:

3. Equations of irregular motion of
body points

According to (8), the motion of any point of the body in
the process of its transition from inertial motion at ab-
solute velocity V0 to inertial motion at absolute velocity
V can be described by the same parametric equations
as motion of the point i :

@Xi = Xi �Xi0 =

Z V

V0

vdv

Gi(v) � (1� v2)3=2
; (9)

@Ti = Ti � Ti0 =

Z V

V0

dv

Gi(v) � (1� v2)3=2
; (10)

or in another form by the equation:

[Xi(V ) �Xc(V )]
2 � [Ti(V ) � Tc(V )]

2 =

= [xi � xc(V )]
2 = GiV

�2: (11)

Where:

Xi(V )�Xc(V ) = �(V )[xi � xc(V )] =

= �(V )=Gi(V ); (12)

Ti(V )� Tc(V ) = V [Xi(V )�Xc(V )] =
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= V �(V )=Gi(V ); (13)

and:

xc(V ) = xi �Gi(V )
�1 (14)

is a coordinate of an asymptotic limit (singular plane) of
intrinsic space of moving body, which can be considered
as an observer horizon of the body FR

(Gc =1);

Xc(V ) = Xc(V0) +

Z xc(V )

xc(V0)
�(V )dxc =

= Xc(V0) +

Z V

V0

dGi

dv
� �(v)

Gi(v)2
dv; (15)

is a coordinate in absolute space of hypothetically ini-
tial position of the observer horizon of body at the be-
ginning of its motion (V = 0) on condition that distri-
bution of strengths of inertia forces �eld along the body
from the beginning of its motion is the same as at the
given identical velocity of all its points

Gi(0) = Gi(V ) = const(V );

Tc(V ) = Tc(V0) +

Z xc(V )

xc(V0)
V �(V )dxc =

= Tc(V0) +

Z V

V0

dGi

dv
� �(v)v
Gi(v)2

dv; (16)

is a hypothetical moment of absolute time, when the
body motion in the absolute PV space would begin, if
distribution of strengths of inertia forces �eld along the
body were stationary. At that, Tc(0) = Ti(0). And at
coincidence of the points of origin in absolute space and
in intrinsic space of the body in its hypothetical state
of rest relatively to the PV (Xi(0) = xi(0)) and also
Xc(0) = xc(0). When dependence of strengths of iner-
tia forces �eld on absolute velocities V of body points
is weak, equation (11) corresponds to quasi-hyperbolic
motion of these points. If the distribution of strengths
of inertia forces �eld along the moving body is station-
ary (Gi � const(V )), then all the body points per-
form in the PVFR not quasi-hyperbolic but de�nitely
a hyperbolic motion. And the moving body (even if
it is compressible) will be resting in an appropriate to
it M�oller rigid accelerating FR [1],[2]. A proportional
mutual synchronization of quantum clock, located in
di�erent points of physically inhomogeneous intrinsic
space of this FR, is possible only in this FR. But in gen-
eral case, events in di�erent points are considered just
to coincide with each other, if they happen at the same
instantaneous values of absolute velocities V of these
points. Events, not having direct cause-and-e�ect rela-
tions with each other, are meant here under coincident
events. But in the presence of common cause, mutual

correlation of coincident events can take place. These
events correspond to de�nite collective space-time state
(microphase state) of particles of body matter. And
they are simultaneous according to quantum clock, on-
ly in the case of homogeneity of intrinsic time t, which is
possible only in the case of stationarity of spatial distri-
bution of the velocity of light in free space in co-moving
FR:

vcj = vciGiG
�1
j = vci(1 + xijGi) = const(t):

And it is possible only in Moller FR [1],[2].
From the condition of the absence of increment of

action S : dS = LdT = PdX �HdT = 0, correspond-
ing to invariance of collective space-time state of mat-
ter, we'll have:

dX=dT = H=P = V �1 � U;

where L - Lagrangian of body matter. In view of this,
the front of induction of strength of inertia forces �eld in
incompressible body (the same as the front of propaga-
tion of change of collective space-time state of matter)
is identical to the front of coincident events.

According to Lorentz transformations, the front of
coincident events of any body, which moves relatively
to an observer at velocity v , will be moving in observer
FR, as well as in the PVFR, not at in�nitely high, but
at �nite phase velocity u = v2c=v .

4. Propagation of the changes of
graviinertial stressed state and
elastic deformation in compressible
body

For an elastically compressible (deformable) body, the
distance �xij between the points i and j in its uni-
form and stable metrical intrinsic space (where the mo-
tion of its points in the process of elastic deforma-
tion of the body matter is observable) can be connect-
ed with the distance between them xij in insepara-
ble from the body its nonuniform and metrically in-
stable physical intrinsic space by the following depen-
dence: �xij = �(V )xij . Where: �(V ) is a coe�cient
of the elastic shrinkage of body size along the direc-
tion of its motion, that depends on the velocity of the
body when the strength of inertia forces �eld is instable
(G 6= const(V )).

In contrast to a hypothetical incompressible body,
in metrical intrinsic space of a compressible body, on-
ly microobjects (elementary particles) have purely rel-
ativistic size shrinkage along the direction of motion.
It is connected with the elastic deformation of matter
macroobjects that also can be observed in the body
intrinsic FR. As well as in incompressible body, this
shrinkage is caused by elementary particles adaptation
(and by adaptation of the matter as the whole, owing to
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Van der Waals forces, which have electromagnetic na-
ture) to changed conditions of elementary particles in-
teraction. This adaptation guarantees in the �rst place
the isotropy of interaction frequency and becomes ap-
parent in co-moving FR at the absence of anisotropy
of the radiation spectrum of radiation sources, motion-
less relatively to the body. Lorentz considered process-
es, which are connected with this adaptation, �rst in
detail [3] on the example of electrical and electromag-
netic phenomena. The possibility of such adaptation
follows from the wave nature of elementary particles
and of matter as the whole. That's why relativistic
size shrinkage realizes at elementary particles level and
is connected with longitudinal self-contraction (which
is initiated by motion) of wave-like formations, which
correspond to elementary particles [4].

Relativistic size shrinkage along the direction of the
body motion will guarantee isotropy of the velocity of
light in free space only in physical intrinsic space of the
compressible body. In metrical intrinsic space (consid-
ering the observability of body deformation in it) the
velocity of light in free space will be anisotropic. More-
over, in contrast to physical intrinsic space, in metri-
cal intrinsic space de�nition of an interval between two
world points (which is invariant to transformations of
coordinates only in physical spaces), as well as the def-
inition of energy and momentum of any objects has no
physical sense. That is why the analysis of dynamics of
body compression and of the motion of objects is im-
possible in principle in this space [5]. Dynamics of the
objects can be analyzed only in physical intrinsic space
of a compressed body using continuous renormalization
of all the measurements and spatial characteristics, de-
termined in it, considering their change in metrical in-
trinsic space of the body.

In elastic compressible body, as well as in hypo-
thetical incompressible body, the front of induction of
strengths of graviinertial �eld in it can be identi�ed
with a wave front of change of collective space-time
state of body matter. That is why, also in an intrinsic
FR of elastically compressible body the propagation not
only of quantum of action, but also of change of space-
time distribution of the strength of graviinertial �eld
(the main characteristic of collective space-time state
of matter), takes place momentarily in principle. This
is caused by the wave nature of elementary particles
of matter, which becomes apparent also in collective
space-time state of matter.

Let the linear momentum and therefore velocity of
an elastic compressible body increase in a result of a
shock action (impact). Then in the PVFR (as well as
in FR of any body that moves at another velocity) a
phase soliton (phase packet) of modulation of strength
of graviinertial �eld will run along the moving body
at supraluminal phase velocity. This soliton changes
the value of relativistic shrinkage of molecules of body
matter and does not cause their elastic deformation.

After that, a soliton (wave packet) of elastic deforma-
tion and excitation of matter molecules will run along
the body at a velocity of sound. Body �lling with addi-
tional kinetic energy, as it were transferred by graviin-
ertial phase soliton at supraluminal velocity, as a mat-
ter of fact is not connected with ripple-through energy
transfer in it. This �lling is an inert process and real-
izes only due to accumulation of di�erence of Doppler
energies of exchange virtual elementary particles and
quasi-particles, which propagate in the process of inter-
action of elementary particles, atoms and molecules in
and against the direction of soliton propagation. These
are virtual pi-mesons that during the process of strong
interaction maintain collective dynamic equilibrium be-
tween protons and neutrons in an atom. And these also
are virtual photons that during the process of electro-
magnetic interaction maintain collective dynamic equi-
librium between protons and electrons in an atom, as
well as between electrically and magnetically polarized
atoms and molecules. At this, the work is executed
by the forces, which disturb the mechanical equilibri-
um of the matter. These forces are equal to inertia
forces (they are, like gravitational forces, actually on-
ly pseudoforces [4]), but they are directed oppositely.
Neither entropy nor enthalpy of the matter in the body
intrinsic FR vary during the process of the body �lling
with kinetic energy. That is why neither free photons
nor phonons or any other quasi-particles are generat-
ed and transferred in the body. And therefore, ripple-
through energy transfer and energy dissipation are ab-
sent. In the contrast to total energy, Helmholtz energy
of body matter increases in the PVFR not only due to
increase of linear momentum and of relativistic shrink-
age of molecular volume, but also due to decrease of
Planck relativistic temperature. The energy of soliton
of elastic deformation (which runs after the phase soli-
ton) will be dissipated and transformed into heat after
multiple reections from the body boundaries.

In this case, before coming of a soliton of elastic de-
formation of matter, motion of points of compressible
body can be described by the same equations (8-16)
as motion of points of incompressible body. Now let
the body linear momentum increase due to a long-lived
force. And that's why the front of removal of the gravi-
inertial stressed state runs along the body after the in-
duction of a de�nite elastic deformation of its matter.
Then motion of the body points before the front run-
ning can be described by equations, di�erent from the
ones (8-16). The distance between the points j and i
�xij in elastically deformated state of the body matter
will be used in these equations instead of the distance
xij . Therefore, also in this case, removal of graviin-
ertial stressed state will realize the same way as in an
incompressible body, but considering the change of the
distances xij to distances �xij that take place at a point
in time when the front of removal of the stressed state
is passing through the point j .
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In accordance with this, relativistic shrinkage of the
length of moving body is not directly connected with
e�ect of any internal or external forces (external forces
have only indirect inuence on the change of its value
via the change of intensity of body motion - the value
of ratio of body velocity to improper value of velocity
of light) and before coming of soliton of elastic defor-
mation its matter does not exhibit resistance to con-
traction. Absence of forces of resistance to relativistic
self-contraction of the body displays the inertiality of
the process of relativistic shrinkage of its length. This
is like the inertiality of freon expansion in refrigerating
chamber, when, because of invariability of freon inter-
nal energy, no work executes in the process of its expan-
sion. Also this is like the inertiality of body free fall in
the �eld of gravity pseudoforces. In the process of such
body fall gravitational pseudoforce and d'Alamberian
inertial pseudoforce (which both don't execute work)
don't equilibrate, but only compensate each other [4].
Therefore body free fall is not equilibrium, but iner-
tial motion. And, consequently, in the process of in-
ertial motion, as well as in the process of inertial self-
contraction of the body, no work executes, despite the
presence of internal pressure in this body. And, of
course, this is connected with the absence of matter
resistance to its relativistic self-contraction. So, in the
case of unrightful neglect of nonequilibrium of the pro-
cess of relativistic length shrinkage (and, therefore, in
the case of using of thermodynamic equalities, instead
of inequalities) we can conventionally assume that in
the process of relativistic shrinkage of body length �c-
tious work (pseudowork) on relativistic self-contraction
of matter \executes":

dA� = (@A=@�)~v � d� = �p(@v=@�)~v � d� = p~v��2d�:

It executes due to decrease of relativistic value of
heat content (enthalpy) of body matter:

�dLH = (�dLH=@�) ~H � d� =

= � ~H��2d� = � ~U��2d�� dA�;

by certain �ctious internal pseudoforces, which conven-
tionally \equilibrate" the forces of internal pressure in
the matter. Here: v = ~v=� and ~v - accordingly rel-
ativistic value and eigenvalue of matter molar volume;
LH = � ~H=� - Lagrangian of enthalpy ~H = ~U + p~v ,
~U - eigenvalue of internal energy of the one mole of
matter, and p -pressure in matter. Because of this,
the shrinkage of body dimensions along the direction of
its motion can be considered as their decrease because
of relativistic \cooling down" of moving body. All the
more, this decrease of body dimensions is strongly pro-
portional not only to decrease of lagrangian of enthalpy
(relativistic value of enthalpy), but also to decrease of
relativistic Planck temperature when the eigenvalue of
temperature is constant. At that, of course, the ther-
mal energy of oscillatory motion of matter molecules

transforms not only into internal potential energy, but
also into kinetic energy of the ordered motion of these
molecules. As a result of decrease of thermal energy (in-
cluding due to relativistic length shrinkage) lagrangian
of enthalpy reaches its minimum in physically homoge-
neous space (in the case of absence of gravity). The
matter can be withdrawn from this stable equilibrium
thermodynamic state only in the way of forced deceler-
ation of the body.

In accordance with this, gravity phenomenon is also
connected with tendency of matter to reach in physical-
ly inhomogeneous space (in gravitational �eld) its ther-
modynamic state with minimum of relativistic value of
enthalpy. And, consequently, gravitational forces are
not external but internal (for the matter) pseudoforces,
caused by the tendency of matter to reach its more
stable thermodynamic state. The fact that not grav-
itational pseudoforces but external forces, that equili-
brate them and prevent body free fall, execute work in
the process of body motion in gravitational �eld also
denotes this. These forces execute positive work when
body moves up (against gravity pseudoforces) and neg-
ative work in the case of deceleration or body free fall.

The neglect of nonequilibriumof relativistic thermo-
dynamic state of matter in the process of the change of
its linear momentum, and consequently, the neglect of
nonequilibrium of inertial process of relativistic length
shrinkage, leads to ambiguity in determining the rela-
tivistic temperature of moving body matter. The wrong
determining of relativistic quantity of heat [6] is the
consequence of considering pseudowork, which is \exe-
cuted" at the expense of change of pressure in matter
when the linear momentum of moving body is not be-
ing conserved, as really executed work. In fact the using
in thermodynamics of relativistic Ott pseudotempera-
ture [1],[6],[7], as well as relativistic Planck temperature
(which is coordinated with the relativistic Doppler val-
ue of the frequency of radiation in the directions nor-
mal to the vector of velocity), is connected with this.
Lack of understanding of the fact that relativistic self-
contraction of moving body is the consequence of the
change of space-time continuum, and thus the change of
relativistic thermodynamic state of its matter, and that
this self-contraction realizes inertially (without over-
coming of any forces, resisting to it) is also the cause of
conscientious long-continued fallacies, connected with
dynamical interpretation of relativistic length shrink-
age [8],[9].

5. E�ects caused by equivalence of
removable (graviinertial) and
irremovable gravitational �elds

Momentary propagation of induction of graviinertial
stressed state (physical inhomogeneity of the body in-
trinsic space, that can be identi�ed to a gravitational
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�eld) in the body is well matched in Einstein-Podolski-
Rosen paradox [10],[11] with a momentary intercoordi-
nation of changes in the quantum-mechanical charac-
teristics of previously correlated photons or elementary
particles after mutual self-distancing of the ones at ar-
bitrary long spacing. Equivalence of removable (gravi-
inertial) and irremovable gravitational �elds, connect-
ed with identity of mechanisms of e�ect of motion and
gravity on the state of matter via the change of frequen-
cy of interaction of its elementary particles, denotes the
possibility of momentary propagation of disturbance of
proper gravitational �eld (in intrinsic FR) also in free
space. Also this denotes rigid �xation in space of grav-
itational �eld to macro- or microobject, which creates
it, (at the impossibility of time delay of displacement of
spatial distribution of gravitational �eld strength rel-
atively to displacement of this object). That is why
the carriers of gravitational �eld in free space are pho-
tons, elementary particles and any moving macroob-
jects, consisting of them, but not hypothetical gravi-
tons (their existence is impossible in principle as it was
shown in [4]). Any moving macroobject (body) can be
characterized by de Broglie frequency. And it lets us
consider moving body also as a \graviton wave," which
transfers energy.

During the rotation of a negatively charged body
around a positively charged body, electromagnetic ra-
diation is generated. But similar speci�c radiation is
not generated during the rotation of planets around
the Sun. Otherwise the planets �nally would fall on
the Sun due to continuous energy losses. That is why
only the matter, the accretion of which is realizing from
one star to another in a compact system of double star,
can be considered as \graviton radiation."

Phase gravitational waves (caused, for example, by
the rotation of astronomical body around the point,
which is not coincide with its centre of mass) that prop-
agate in free space at supraluminal velocity give rise to
disturbance in the motion of another astronomical bod-
ies, not executing any work. At this, only transition of
internal energy of the matter of astronomical bodies in-
to kinetic energy realizes, as it does during a free fall of
macroobjects in terrestrial gravitational �eld. In other
case periodical transformation of matter internal energy
into potential energy of its deformation takes place, as
it, for example, is being observed in the form of day-to-
day variations of sea level (high and low tide) under the
inuence of gravitational waves, caused by the motion
of the Moon relatively to Earth surface. These phase
waves are progressing waves of metrical and physical
microinhomogeneities of space in the form of space-time
modulations of permittivity and permeability of PV,
which uniquely determine metrical and physical prop-
erties of the space, �lled with PV. Space-time modula-
tions of permittivity and permeability of PV also ap-
pear in the process of propagation of radiation because
of the presence of negative feedbacks, which guaran-

tee self-restriction of improper values of electric and
magnetic strengths of electromagnetic wave. And these
negative feedbacks also cause the formation of wave
packets of quanta of electromagnetic energy (soliton-
like photons) nearby elementary particles because of
the presence of very signi�cant metrical and physical
microinhomogeneities of space in their neighbourhood.
These unstable inhomogeneities are (in fact) space-time
modulations of nonlinery interconnected characteristics
of PV, and they form in PV self-sustaining spiral-wave
structural elements - autowaves of elementary particles.

6. Conclusions

The relativistic shrinkage of the length of moving body
realizes strongly synchronously with the change of in-
tensity of its motion (ratio of body velocity to velocity
of light) and is self-sustaining when this intensity is con-
stant without the participation of any forces. Therefore
this shrinkage can be considered as purely kinematics
e�ect. This e�ect is caused by the change of relativistic
values of matter thermodynamic parameters and is not
connected with elastic deformation of this matter. At
any law of body motion the value of relativistic shrink-
age of its dimensions along the direction of its motion is
uniquely determined by the intensuty of body motion.
Relativistic shrinkage of body length appears and varies
during the process of inertial isobaric self-contraction or
self-expansion of its matter. This shrinkage is amed at
the reaching the minimumof relativistic value of matter
enthalpy and at the guaranteeing of isotropy of rates of
physical processes in isotropic mediums of moving bod-
ies. This process of isobaric relativistic deformation of
matter always passes ahead of the process of change
of matter elastic compression. And all this is caused
by propagation (together with front of body intrinsic
time) of not only change of collective space-time state
of its matter, but also changes of the strengths of inertia
forces �eld.

Phase waves of perturbation of removable (graviin-
ertial) and irremovable gravitational �elds don't trans-
fer energy themselves. They only create necessary con-
ditions for non-through local energy transfer in the pro-
cess of the interaction of matter elementary particles.
This energy transfer realizes due to accumulation of dif-
ference of Doppler values of energies of exchange virtual
elementary particles and quasi-particles, which propa-
gate in and against the direction of the body motion.
That's why phase gravitational waves, which transfer
the change of collective space-time state of PV and mat-
ter (that is only the excited state of PV), can propagate
at supraluminal velocity.
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In this paper we have investigated an LRS Bianchi I anisotropic cosmological model of the universe by taking time
varying G and � in the presence of bulk viscous uid source described by full causal non-equilibrium thermodynam-
ics. We obtain a cosmological constant as a decreasing function of time and for m;n > 0, the value of cosmological
\constant" for this model is found to be small and positive which is supported by the results from recent supernovae
observations.

1. Introduction

The conventional theory of evolution of the universe
includes a number of dissipative processes. Dissipative
thermodynamics processes in cosmology originating
from a bulk viscosity are believed to play an impor-
tant role in the dynamics and evolution of the universe.
Misner[1] suggested that large-scale isotropy of the uni-
verse observed at the present epoch is due to action of
neutrino viscosity which was not negligible when the
universe was less than a second old. A number of pro-
cesses responsible for producing bulk viscosity in the
very early universe are such as the interaction between
radiation and matter[2], gravitational string production
[3, 4], viscosity due to quark and gluon plasma, dark
matter or particle creation[5, 6]. It is important that
each dissipative process is subject to as detailed analy-
sis as possible. However, it is also important to develop
a robust model of dissipative cosmological processes in
general, so that one can analyze the overall dynamics
of dissipative without getting lost in the details of par-
ticular complex processes. In requirements of such a
model Maartens[7] pointed out that the model should
(i) be causal and stable, and (ii) provide a constant
relativistic thermodynamics in the 'conventional' post-
inationary regime.

1E-mail: acpradhan@yahoo.com, pradhan@iucaa.ernet.in
2E-mail: purnima pandey2001@yahoo.com
3E-mail: gpsingh@vnitnagpur.ac.in
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In order to study these phenomena, the theory of
dissipative was �rst developed by Eckart[8] and sub-
sequently an essential equivalent formulation was giv-
en by Landau and Lifshitz[9]. But Eckart theory has
several drawbacks including violation of causality and
instabilities of equilibrium states. Readers interested in
the general theory of causal thermodynamics are urged
to consult the excellent survey report of Maartens[7]
and Zimdahl[10] and references cited therein. A rela-
tivistic second-order theory was found by Israel[11] and
developed by Israel and Stewart[12]. The advantages
of the causal theory are as follows[13]: (1) For stable
uid con�gurations, the dissipative signals propagate
causally. (2) Unlike Eckart-type's theory, there is no
generic short- wavelength secular instability in causal
theory. (3) Even for rotating uids, the perturbations
have a well-posed initial value problem. Therefore, the
best currently available theory for analyzing dissipative
processes in the universe is the full (i.e. non-truncated)
Israel-Stewart causal thermodynamics, which we con-
sider in this work.

In recent years, models with relic cosmological con-
stant � have drawn considerable attention among re-
searchers for various aspects such as the age problem,
classical tests, observational constraints on �, struc-
ture formation and gravitational lenses have been dis-
cussed in the literature (see Refs.[14]� [16]). Lindey[17]
has suggested that cosmological \constant" may be
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considered as a function of temperature and relat-
ed to the spontaneous symmetry breaking process.
Therefore, � should be a function of time in a ho-
mogeneous universe as temperature varies with time.
Some of the recent discussions on the cosmological con-
stant \problem" and on cosmology with a time-varying
cosmological constant are given by Ratra and Pee-
bles [18], Dolgov[19]� [21], Sahni and Starobinsky[22],
Peebles[23], Padmanabhan[24] and Vishwakarma[25].
Recent cosmological observations suggest the existence
of a positive cosmological constant � with the magni-
tude �(G~=c3) � 10�123 . There are several aspects of
the cosmological constant both from cosmological and
�eld theoretical perspectives. Presently, determination
of � has become one of the main issues of modern
cosmology as it provides the gravity vacuum state and
make possible to understand the mechanism which led
the early universe to the large scale structures and to
predict the fate of the whole universe. The cosmolog-
ical \constant" can be measured by observing quasars
whose light gets distorted by gravity of galaxies that lies
between the quasars and Earth. Krauss and Turner[26]
have mentioned that as � term dominates the energy
density of the universe, cosmologists are correct in their
attempt to evoke it once again for better understanding
of both the universe and fundamental physics.

In the last few decades there have been numerous
modi�cations of general relativity in which gravita-
tional \constant" (G) varies with time[27]. Consider-
ing the principle of absolute quark con�nement, Der
Sarkissian[28] has suggested that gravitational and cos-
mological \constant" may be considered as functions
of time parameter in Einstein's theory of relativity.
A number of authors[29]� [40] have considered time-
varying G and � within the framework of general
relativity.

Motivated by the fact that bulk viscosity, gravita-
tional and cosmological \constants" , are more relevant
during early stages of the universe, in this paper, we
have considered the evolution of a LRS Bianchi I model
with bulk viscous uid in full causal non-equilibrium
thermodynamics, in presence of time-varying gravita-
tional and cosmological \constants".

2. The Basic Equations

A locally rotationally symmetric (LRS) Bianchi I space-
time may be represented by the line element

ds2 = dt2 �A2dx2 � B2(dy2 + dz2); (1)

where metric potentials A and B are depending on cos-
mic time t only.
The Einstein's �eld equations with variable G and �
are given by

Rij � 1

2
Rgij + �(t)gij = �8�G(t)Tij ; (2)

where Rij is the Ricci tensor; R = gijRij is the Ric-
ci scalar; and Tij is the energy-momentum tensor of
cosmic uid in the presence of bulk viscosity given by

Tij = (� + p+ �)uiuj � pgij: (3)

Here � , p and � are the energy density, equilibrium
pressure and bulk viscous pressure respectively and ui

is the ow vector satisfying the relations uiui = 1.
The Einstein's �eld equations (2) for the line element
(1) lead to the following set of equations

2 _A _B

AB
+

_B2

B2
= 8�G(t)�+ �(t); (4)

�B

B
+

_A _B

AB
+

�A

A
= �8�G(t)[p+�] + �(t); (5)

2 �B

B
+

�B2

B2 = �8�G(t)[p+ �] + �(t): (6)

A combination of equations (4) - (6) yield the continuity
equation

8� _G�+8�G

"
_�+ (� + p+ �)

 
_A

A
+

2 _B

B

!#
+ _� = 0:(7)

The usual energy-momentum conservation equation
T ij;j = 0 suggests

_� + (� + p+�)

"
_A

A
+
2 _B

B

#
= 0: (8)

From equations (7) and (8), we get

_� = �8� _G�: (9)

For the full causal non-equilibrium thermodynamics,
the causal evolution equation for bulk viscosity is given
by[7]

� _� + � = ��
 

_A

A
+
2 _B

B

!
�

� �

2
� �

 
_A

A
+
2 _B

B
+

_�

�
�

_�

�
�

_T

T

!
; (10)

where T � 0 is the temperature, � the bulk viscous
coe�cient and � � 0 the relaxation coe�cient for the
transient bulk viscous e�ect (relaxation time i.e. the
time which system takes in going back to equilibri-
um once the divergence of the four velocity has been
switched o�). For � = 0, equation (10) gives evolution
equation for the non-causal theory. For � = 0, we get
causal evolution equation for truncated theory, which
implies a drastic condition on the temperature, while �
takes value unity in full causal theory.
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3. The Model

Equations (5) and (6) yield

�B

B
+

_B2

B2
�

�A

A
�

_A _B

AB
= 0: (11)

In order to �nd exact solutions of the �eld equations, we
require more physically plausible relations amongst the
variables. Considering a power law relation between A
and B as A � Bn , eq.(11) suggests

B = B0

�
t

t0

� 1
n+2

; (12)

A = A0

�
t

t0

� n
n+2

; (13)

where A0 and B0 are the values of A and B at present
time t = t0 and n is a positive constant.
By use of (12) and (13), equations (4) - (6), reduce to

2n

(n+ 2)2
1

t2
= 8�G� +�; (14)

2n+ 1

(n+ 2)2
1

t2
= 8�G(p+ �)� �: (15)

Further following[21]� [25], we assume G = tm . Hence
equations (9) and (14) suggest

_�� m

t
� = � 2mn

(n + 2)2
1

t3
; (16)

which is a linear equation and it has solution

� =
2mn

(n + 2)2(m+ 2)

1

t2
: (17)

From equations (14) and (17) one can easily obtain ex-
pression for energy density in terms of cosmic time t
as

� =
n

2�(m + 2)(n+ 2)2
1

tm+2
: (18)

Considering the usual barotropic equation of state re-
lating the perfect uid pressure p to the energy density
as

p = ( � 1)�; (19)

where (1 �  � 2) is a constant, equations (13) and
(14) lead to

� =
n(m+ 1)

2�(m+ 2)(n+ 2)2
1

t2+m
: (20)

Now, we consider[7, 10][41]� [44] following phenomeno-
logical widely accepted relations

� � �0�
� and � =

�

�
(21)

for the bulk viscosity coe�cient � and mass density �
and also for bulk viscosity coe�cient and the relaxation
time � , respectively, where �0 � 0 and � are constants.
If � = 1, eq.(21) may correspond to a radiative uid,
whereas � = 3

2 may correspond to a string-dominated
universe. However, more realistic models are based up-
on � in the region 0 � � � 1

2 .
Using (21), equation (10) on integration yields

T = T0 exp

�
2

�
g(t)

�
exp

�
2

�
f(t)

�
�

2
�R3�

�
; (22)

where f(t) and g(t) are anti-derivatives of 1
� and 3�H

�
respectively.
With the help of equations (18), (20) and (21), we ob-
tain the expressions for f(t) and g(t) as

f(t) =
�0

t(m+2)(��1)�1 ; (23)

g(t) =
1

m(m + 1)tm
; (24)

where

�o =
1

1� (m+ 2)(�� 1)
�

�
�

n

2�(m + 2)(n + 2)2

���1
: (25)

We observe from eq. (17) that the cosmological con-
stant in this model is decreasing function of time and
it approach a small value as time increases ( i.e., the
present epoch). For m;n > 0 the value of cosmological
\constant" for this model is found to be small and pos-
itive which is supported by the results from recent su-
pernovae observations recently obtained by the High - z
Supernova Team and Supernova Cosmological Project
( Garnavich et al.;[45] Perlmutter et al.;[46] Riess et
al.;[47] Schmidt et al. [48]).
Using the observational values _G=G = 10�11yr�1 and
Hp = 7:5� 10�11yr�1 , and the relation of the present
age of the universe with Hubble parameter (Hp tp � 2

3 ),
relation G = tm suggest

m =
2

22:5
:

This clearly shows that gravitational parameter G
turns out to be an increasing function of time.
From eq (18), it is observed that the energy density
� is decreasing with evolution of the universe. For all
m > �2, n > 0, the energy conditions are satis�ed.
It is also observed from eq (20) that bulk viscous pres-
sure � decreases with time. When t ! 0, � ! 1 .
When t!1 , �! 0.
In this model, expressions for expansion and shear are

� =
1

t
and �2 =

2(n� 1)2

3(n+ 2)2t2
: (26)
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�2

�
=

4�(n� 1)2(m + 2)

3n
tm: (27)

Equation (28) clearly shows the e�ect of time varying G
on the relative anisotropic. For, �2 < m < 0, relative
anisotropy is decreasing. Further, it can be observed
that �2 / �2 , which indicate that the model does not
approach isotropy for large value of t .
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The extended one-zone stellar pulsation model is proposed as a tool to investigate the factors a�ecting thermal
variation of pulsating stars. Linear analyse of the resulting equations is described. The results are in very good
agreement with the detailed calculations.

Key words: RR Lyrae { variable stars

1. Introduction

Stellingwerf's nonlinear one-zone model (Stellingwerf,
1972) was extended (Pricopi, 2005) by considering a
slow and uniform rotation that lead to a very small
oblateness of the star and that the matter in the core-
surrounding shell consist of a mixture of ideal gas and
radiation. In this paper, we use this model to inves-
tigate the factors a�ecting the linear variation of the
thermal structure of RR Lyrae-like pulsating stars.

The actual mechanisms responsible for the pulsa-
tions of most kind of variable stars are envelope ioniza-
tion mechanisms. The second helium ionization zone
seems to be the main agent responsible for the pulsa-
tions in most common types of variable stars. Hydrogen
ionization may even be the main cause of the instability
in the red variables (Cox, 1980).

If the opacity law is of the form � � �nT�s and
if s is large and negative, there may be a dumming
up of radiation upon compression, and hence driving,
even if �3 has a value close to its normal value of 5/3.
This fact has been found to be important in some cases
by Stellingwerf (1978, 1979) in his calculations of the
pulsational stability of models for � Scuti-like stars and
for � Cephei stars. Stellingwerf has referred to this
e�ect as the \bump mechanism."

\Bumpmechanism" is responsible for the pulsations
of our extended one-zone model. The results are qual-
itative and, however, this model is not intended to be
a substitute for �nely zoned nonlinear calculations. In
Section 2 we resort the well-known equations of stellar
structure (e.g. Kippenhahn and Weigert, 1991; Lungu,
1982) and the equations of the our model are written
down. The linear results are presented in Section 3.
From the condition of pulsational instability we obtain

1E-mail: dpricopi@aira.astro.ro

a condition for s in terms of physical parameters. The
linear variation of the opacity, temperature and e�ec-
tive temperature is presented for strictly periodic pul-
sations.

2. Basic equations

The equations of stellar structure are (Kippenhahn and
Weigert, 1991; Lungu, 1982):

1. The motion equation:

@2r

@t2
= �Gm

r2
� 3

5

Gma2�

r4
(1� 3 cos2 �)+

+!2r sin2 � � 4�r2
@P

@m
: (1)

2. The continuity equation:

dm = 4�r2(1� �)�dr: (2)

3. The energy equation:

@l

@m
= �cV @T

@t
+

�

�

P

�2
@�

@t
: (3)

4. And the radiative energy transport equation in
the di�usion approximation:

l =
�
4�r2(1� �)

�2 4�
3�

@T 4

@m
; (4)

where the notations are: ! = (small) angular velocity,
� = oblateness, a = semimajor axis of the ellipsoid,
� = polar angle. The others notations are usual. The
pressure P = Pgas + Prad: Following Kippenhahn and
Weigert (1991), let � = Pgas=P . It follows � = 1=�;
� = (4 � 3�)=�; Oad = [1 + (1 � �)(4 + �)=�2]=[5=2+
4(1� �)(4 + �)=�2] and �1 = 1=(� � �Oad): If � = 1
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( pure gas) we have �1 = 5=3 and if � = 0 (pure
radiation) we have �1 = 4=3:

Like Stelligwerf (1972) we introduce the following
relations referring to the core-surroundig shell:

@P

@m
= � P

ms
;

@l

@m
=

L � Li
ms

;
@T 4

@m
= � T 4

ms
; (5)

where P; L; T stands for the pressure, radiative en-
ergy ux, temperature in the shell, respectively, Li =
luminosity at the base of the shell and ms = shell mass.
Let M = stellar mass, R = stellar radius and Rc =
rigid core radius.The equations (1), (3) and (4) become
respectively:

d2R

dt2
= �GM

R2
� 3

5

GMa2�

R4
(1� 3 cos2 �)+

+!2R sin2 � + 4�R2 P

ms
; (6)

L � Li
ms

= �cV @T

@t
+

�

�

P

�2
@�

@t
; (7)

L = �64�2(1� �)2�R4

3�

T 4

ms
: (8)

From de�nition, � = (a�b)=(a+b); b = semiminor
axis of ellipsoid, and we can write

a =
Rq

1 + 4� cos2 �
(1+�)2

: (9)

Taking into account (9), the eq. (6) become

d2R

dt2
= �GM

R2 �+ !2R sin2 � + 4�R2 P

ms
; (10)

where

� = 1 +
3

5

�(1� 3 cos2 �)

1 + 4� cos2 �
(1+�)2

: (11)

For a static star (! = 0), we have � = 0 and, from
(11) � = 1:

The hydrostatic equilibrium state implies

4�R2
0
P0
ms

=
GM

R2
0
� � !2R0 sin

2 �; (12)

where the \0" subscript correspond to the equilibrium
model.

Following Stellingwerf (1972), we denote

X =
R

R0
: (13)

The geometry is introduced via the function m =
m(X) such that (Rudd and Rosenberg, 1970)

�

�0
= X�m; (14)

where

m(X) =
ln
�
X3��3
1��3

�
lnX

; (15)

with � = Rc=R0: The equilibrium value of m is m0 =
3=(1� �3):

The non-adiabatic e�ects are contained in the func-
tion h de�ned by

P

P0
=

�
�

�0

��1

h; (16)

where �1 = (@ lnP=@ ln�)ad: With these de�nitions,
eq. (10) become

d2X

dt2
= �(hX�q �X�2) � �(hX�q �X); (17)

where � = GM�=R3
0 , � = !2 sin2 � and q = m�1 � 2.

As regards the properties of the stellar matter, we
consider the following formulae for the equation of state
and oppacity law, respectively:

� = �kP
�T��; (18)

� = �k�
nT�s; (19)

where �k and �k are constants.
Using (14) and (16) we write

P

P0
= X�m�1h: (20)

From (14), (18) and (20) we obain

T

T0
= X�m(�3�1)h

�
� ; (21)

where �3 � 1 = ( � 1)=�;  = cP =cV = ��1: For the
opacity we write using (14), (19) and (21):

�

�0
= X�m[n�s(�3�1)]h�s

�
� : (22)

From (8), (21) and (22) we obtain for luminosity:

L

L0
= X4+m[n�(4+s)(�3�1)]h(4+s)

�
� (23)

and the variation of the luminosity at the base of the
shell is supposed to be

Li
L0

= X�u; (24)

where u is a parameter that ranges from 0 to 20
(Stellingwerf and Donohoe, 1987). Using the relation
L = 4�R2�T 4

eff we obtain for e�ective temperature

Teff
Teff0

= X
1
2+

m
4 [n�(4+s)(�3�1)]h

1
4 (4+s)

�
� : (25)
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Using these relations, eq. (7) becomes

dh

dt
= �" �

�
Xm(�3�1)h1�

�
� �

�
�
X4+m[n�(4+s)(�3�1)]h(4+s)

�
� �X�u

�
�

�3 �
�
(�3 � 1)X2h

�
X3 � �3

��1�
�
�
Xm[�3��1]h1�

�
� � 1

� dX
dt

; (26)

where " = L0=mscV T0 = L0=Es (Es is the internal
energy of the shell).

Equations (17) and (25) constitute our �nal set of
relations for the unknowns X and h .

3. Linear results

We assume small amplitude motion and put x = X�1;
h0 = h� 1:The linear form of eq. (17) is

d2x

dt2
= [�(2� q) + �(1 + q)]x+ (� � �)h0: (27)

The linear form of eq. (25) is

dh0

dt
= � �

�
"[(b+ u)x+ (4 + s)h0]; (28)

where b = 4 + m0[n � (4 + s)(�3 � 1)]: As usual, we
assume a time variation of ei�t for all quantitties. From
eq. (27) and (28) we obtain:

h0 =
�2 � [�(2� q) + �(1 + q)]

(� � �)
x; (29)

h0 = �
�
�"(b+ u)

i� + "(4 + s)
x: (30)

These equations may be combined to yield

(i�)3 +A(i�)2 + B(i�) + C = 0; (31)

where A = "(4 + s); B = [�(2 � q) + �(1 + q)] and
C = "(4+ s)[�(2� q)+ �(1+ q)] + (�=�)"(b+u)(�� �):

The condition for vibrational instability (Stellingw-
erf, 1972)

b+ u > 0; (32)

results in a condition for s :

s <
1

�3 � 1

�
n +

4 + u

m0

�
� 4: (33)

Exterior to an ionization zone we have n = 1;  =
5=3 and � = 1 (if � = 1) : Then, putting u = 0 we
obtain s < �0:5 for m0 = 3 (homogeneous star) and
s < �1:9 for m0 = 10 (RR Lyrae star). The \bump

mechanism" will thus be more e�ective for main se-
quence (low m0 ) stars than for giants. Also, the \bump
mechanism" is more e�ective if the luminosity variation
at the base of the shell is increasing: putting u = 10, we
obtain s < 3:5 for m0 = 3 and s < �0:4 for m0 = 10:

Let N = A2 � 3B; Q = 2A3 � 9AB + 27C; S =
�4N3 + Q2; Z = [(�Q +

p
S)=2]1=3: By solving eq.

(31) we obtain:

Re(i�) = �1

6

�
N

Z
+ Z + 2A

�
; (34)

Im(i�) = � i
p
3

6

�
�N
Z

+ Z

�
:

From (34) we can obtain the value of s for the case
of strictly periodic pulsations putting Re(i�) = 0. Al-
so, in that case is easy to show that Im(i�) = �pB;
where B > 0 (i.e. condition of dynamical stability) :

The opacity variation will be controled by the ener-
gy equation. We may de�ne �0 = �=�0�1 and combine
eqs.(22) and (30) to obtain (for strictly periodic pulsa-
tions)

�0 =

=
i� (4� b� 4m0(�3 � 1)) + "(4s � 4m0n+ su)

i� +A
x (35)

or, after some manipulation,

�0 =
["AE + BD] � i

p
B(b+ u)"s

A2 + B
x; (36)

where D = 4� b� 4m0(�3 � 1) = �m0[n� s(�3 � 1)]
and E = 4s�4m0n+su: From the relation (36) we see
that the opacity can increase upon compression leading
to driving in this region.

The linear variation of the temperature and e�ective
temperature is easily to obtain putting t = T=T0 � 1
and teff = Teff=Teff0 � 1 and using (21), (25) and
(30):

t =
i�m0(�3 � 1) + "(4 +m0n+ u)

i� + A
x; (37)

teff =
1

4

i� (2 + b) + "(4 + s)(2� u)

i� + A
x

or, after some manipulation (for strictly periodic pul-
sations)

t =
["AF + Bm0(�3 � 1)]� i

p
B(b + u)"

A2 +B
x; (38)

teff =

=
1

4

[(A2 + B)(2 � u) + B(b + u)] + iA
p
B(b+ u)

A2 +B
x;
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where F = 4 + u + m0n: From (38) we see that tmax

lags before xmin by 0�div 90� i.e. the temperature is
increasing upon compression (at least close to the max-
imum compression of the shell). Also, teff max lags
before xmax by 0�div 180�: An detailed discussion of
eqs. (38) will be made elsewhere.

Finally, we conclude that this simple model can be
used to shed much light upon (linear) thermal variation
of the RR Lyrae type pulsating stars.
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Three kinds of \constants" are applied in natural sciences, namely the products of de�nition (e.g. Avogardo number),
time independent constants (e.g. light velocity) and time evolving constants (the Universe critical density). In many
cases dimensionless constants have been introduced into natural sciences. Individual kinds of constants are discussed
and exempli�ed. A profound relationship between the ENU (Expansive Nondecelerative Universe) and dimensionless
constants of the fundamental physical interactions is presented. The contribution provides an alternative to the Dirac
presumption on a time decrease of the gravitational constant G . Using simple relations the contribution precises
the values of the vector bosons x and y .

1. Introduction

An issue of the time dependence of natural constants is
of fundamental importance in natural sciences [1]. At
present three kinds of constants are applied in natural
sciences. The �rst group consists of the constants intro-
duced \arti�cially" by scientists. As an example, Avo-
gadro constant (NA = 6.0221367(36) x 1023 mol�1)
de�ning a number of units in one mol of a substance
may be given. For the majority of constants their val-
ues are given in common literature sources without,
however, a deep discussion of a real constancy (i.e.
time independence). Some constants were subjected
to such analysis and it was postulated that their val-
ues are evolving in the course of time. In connection
with a extremely low value of the ratio of �g/�e Dirac
suggested [2] that the value of some fundamental con-
stants can change in time, e.g. gravitational constant
G should decrease in time (of course, it relates to time
of cosmological dimension). In this paper, the issue of
time dependence of some constants is analysed.

2. Dimensionless constants and their
time evolution

There is no problem in de�ning dimensionless physical
constants, namely that of strong interaction �s

�s = 1 (1)

and electromagnetic interaction �e

�e =
e2

4� "o ~ c
= 7:29� 10�3: (2)

1E-mail: sukenik.miroslav@stonline.sk
2E-mail: sima@chtf.stuba.sk

For the constant of weak interaction �w various
modes of expression are used, the simplest one being
[1]

�w =
gF m2

P c

~3
� 10�6; (3)

where gF is the Fermi constant (gF = 1.41 � 10�62

J m3) and mp is the proton mass. Ambiguousness
appears in the gravitational constant �g , for which the
most familiar expression and value is

�g =
Gm2

P

~ c
� 10�39: (4)

The constant �g depends on the mass option. As
a matter of tradition, the proton mass mP is used,
there is, however, no justi�ed reason for it. On the
other hand, there should be a certain mass mx , the
introduction into �g of which will be rationalized and
justi�able. Gravitational forces are far-reaching, theo-
retically boundless, forces. Due to the operation of the
hierarchical rotational gravitational systems (HRGS),
the actual gravitational e�ects are considered as being
in�nitive. Gravitation can manifest itself only where
the density of the gravitational energy of HRGS is high-
er than the critical density "crit . In the ENU model
[3-5] it holds

"g = � c4R

8�G
= � 3mc2

4� a r2
; (5)

where "g is the density of gravitational energy created
by a body with the mass m at the distance r;R is the
scalar curvature, a is the gauge factor that at present

a = 1:229� 1026 m: (6)

In the ENU model "crit is expressed as

"crit =
3c4

8�Ga2
: (7)
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In the cases when

j"gj = "crit (8)

using equations (5) and (7), the following relation is
obtained

r = ref(m) =
�
aRg(m)

�1=2
(9)

in which ref(m) represents the e�ective gravitational
range of a body with the mass m , Rg(m) is its gravi-
tational radius. Since for the Compton wave � of the
particle with the mass m

� =
~

mc
(10)

a particle having the mass mx for which � = ref(m)

must exist. It thus represents the lighest particle able
to gravitationally inuence its environment. Relating
(9) and (10) leads to

mx =

�
~2

2Ga

�1=3

: (11)

At present

mx � 10�28 kg: (12)

This value can be introduced into �g without addi-
tional presumptions and then

�g =
Gm2

x

~ c
=

m2
x

m2
Pc

� 10�40; (13)

where mPc is the Planck mass

mPc = 2:176711� 10�8 kg (14)

In the ENU model it was proved that

a = c t =
2GmU

c2
; (15)

where t is the cosmological time, mU is the mass of
the Universe. It follows from (11), (13) and (15)

�g � (t)�2=3: (16)

It is worth pointing out at the importance of rela-
tion (16). It brings an evidence that �g is not a true
constant but a time decreasing quantity. This fact leads
to some interesting consequences.

The Compton dimension of particle mx is about
10�15 m and corresponding tx � 10�23 s. Consequent-
ly, for the cosmologic time texpressed in tx units using
(11), (13) and (15), relation (17) can be obtained

t

tx
=

1

�g
: (17)

This fact was known to Dirac who, however, tx put
equal to the atomic time. It was, however, only a co-
incidence since at present the Compton wavelength of
the particle mx approaches the dimension of atomic

nucleus. Since Dirac introduced the constant mass of
the proton when expressing �g and at the same time
relied on the validity of relation (17), he formulated a
false conclusion on time decrease of the gravitational
constant G . In reality, G is a true constant and �g
is a time decreasing quantity (see relations 11, 13 and
16).

In the ENU model the Universe is mass-space-time
(in the language of special relativity) closed. In the
framework of Friedmann model for such systems it is
supposed that

mU � mP

�2g
: (18)

The above relation cannot be unambiguously pro-
ved, using (11), (13), (15) it can be, however, derived
that

mU � mx

�2g
: (19)

In addition, it holds in Friedmann model that

k T �
�
~3 c5

Gt2

�1=4

; (20)

where T is the temperature of the relict radiation. For
closed systems it is supposed that

k Tmin � �1=4g mp c
2: (21)

Relation (21) cannot be derived, however, it follows
from (11), (13) and (20) that

k T � �1=4g mx c
2: (22)

If in a known empirical formula [1]

H � �gmP c2

~
; (23)

where H is the Hubble constant, the mass mP is sub-
stituted for mx , relation (24) emerges which can be
derived directly using (11), (13) and (15)

H � �gmx c
2

~
: (24)

It should be worth mentioning that relations (19),
(22) and (24) are in fact closely connected to depen-
dence (17) which can be directly derived from them. It
is obvious that the introduction of mx into the \con-
stant" �g enables to formulate known empirical formu-
lae as self-sustaining, rationalizable and derivable rela-
tions that are or should be valid in our Universe.

Due to the time decreasing of �g (16) there had to
be the time in the past when

�g = �s: (25)

It follows of (1), (13) and (25) that at that time

mPc = mx = 1019 GeV: (26)
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It really happened at the beginning of the Universe
expansion (t � 10�43 s).

At about t � 10�40 s following the beginning of
the expansion the values of �e and �g were equal and,
consequently, treatment of (2), (13) and (25) leads to
relation

mx = mPc �
1=2
e � 1018 GeV: (27)

At about t � 10�34 s following the begining of the
expansion, it held

�g = �w (28)

and treating (3), (13) and (28) we get

mx = mPc �
1=2
w

�= 1016 GeV: (29)

We supposed the values mx represent the mass of
vector bosons x and y .

Dimensionless constant of gravitational interaction
is not probably the only \constant" changing in time.
Based on (at least) three experimental observations,
namely: far-distance supernovas spectra; changes in the
ratio of radioactive elements distribution in a nuclear
reactor of Oklo; measurements of the anisotropy of cos-
mic radiation background it follows that there is a ac-
tual possibility of very slow increase in dimensionless
\constant" of electromagnetic interaction.

Such a time evolution would have a very strong im-
pact to the future of our Universe. Stemming from a
consistency of the ENU model and de Aquino's exper-
iments with gravitational H and G systems [6,7] a pos-
sibility of an increase of vacuum permeability in time
follows. Taking the velocity of light as a time indepen-
dent constant, we must expect a vacuum permittivity
time decreasing. This is in line with a supposed increase
of �ne-structure constant in time. When accepting a
presumption of the constancy of strong interaction, in
far future the magnitude of electromagnetic interaction
shall approach the magnitude of strong interaction. In
a moment of their identity a disintegration of nuclear
matter will happen. Only black holes, gravitones, pho-
tons, leptons and protons will exist in the Universe.

3. Conclusions

1. The present contribution rationalize the \con-
stant" �g and makes possible to prove on a exact
base some relations describing our Universe that
up to now are formulated as empirical formulae.

2. The contribution corrects Dirac presumptions on
a time decrease of constant G:

3. Using simple relations the contribution deter-
mines the mass of vector bosons x and y .
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Imperfect uids are characterised by dissipative e�ects like bulk viscosity, shear and thermal conduction. They
are present right from the terestrial plasma to the depth of time in the early universe. Isotropic uid with �nite
dissipation was studied by S. Wienberg for its astrophysical implications. On the other extreme, propagation of
linear waves have been under constant investigation for relativistic anisotropic magnetohydrodynamic plasmas.
However anisotropic uid with dissipative e�ects have not been given due consideration especially for plasmas inside
a magnetic �eld. Here we intend to carry out studies for plasma with �nite bulk viscosity. Conditions for growth
and decay of linear waves are obtained in special cases of isotropy and Chew-Goldberger-Low (CGL) state while
giving indicative results for general scenario.

PACS numbers: 51.20+d; 52.25.Xz; 52.27.Ny; 52.35.Bj

I. INTRODUCTION

Relativistic plasma embedded in a strong magnetic �eld
exhibits itself in a variety of interesting astrophysical
events from pulsar winds to blackhole magnetospheres
[1, 2, 3]. Waves and instabilities for a single uid with
isotropic pressure have been investigated in the rela-
tivistic magnetohydrodynamic framework [4, 5]. How-
ever in some situations the plasma does not remain
isotropic, as in Cosmic Pinches where pressures trans-
verse to the ambient magnetic �eld dominates while
the reverse is true for Pulsar winds. The equation of
state of plasma have also been subject of study when
the strong magnetic �eld suppresses the equilibration of
pressures parallel and perpendicular to itself [6]. Plane
magnetosonic waves have been studied for a single rela-
tivistic uid with anisotropic pressures [7, 8]. However,
there are systems in which radiation can provide the
mechanism for viscosity and heat conduction. In these
systems the bulk shear can be e�ective. (Imperfect)
uid systems with isotropic pressure and dissipative
e�ects have been put to investigations by Wienberg
[2, 9]. At the other level of interest, Winfried Zim-
dahl [10] applied the theory of dissipative processes in
relativistic uids to a at homogeneous and isotropic
universe with bulk viscosity to exhibit the possibility of
inationary solution. The bulk viscous pressure is then
interpreted as an e�ective description for particle pro-
duction processes. Roy Maartens and Vicenc Mendez
[11] made a non-linear generalization to uids with bulk
viscosity which indicate to give a thermodynamically

1E-mail: subhashkumar@redi�mail.com

consistant inationary solutions for the early universe.
Karsten Jedamzik, Visnja Katalinic and Angela Olinto
[12] examined the e�ect of dissipation on evolution of
magnetic �elds in an expanding uid composed of mat-
ter and radiation. The cosmological implications of the
decaying magnetic �eld is further explored.

The present paper intends to consider the e�ect of
bulk viscosity on the plane wave propagation in rel-
ativistic magnetized plasma which has developed an
anisotropy in pressures. The paper is organized as
follows. In Sec. II we present the basic equations
used in the present paper emphasizing the new energy-
momentum tensor. In Sec. III the general dispersion
relations are obtained and their derivation method is
described briey. In Sec. IV, to the �rst order of dissi-
pation, the dispersion relation is discussed under vari-
ous limits.

II. BASIC EQUATIONS

We consider a plasma embedded in a magnetic �eld.
Plasma uid velocity and temperature both are allowed
to be relativistic. Hereafter, we will use units where ve-
locity of light c = 1. Let U� be the plasma 4-velocity
and F�� be the electromagnetic �eld tensor. The plas-
ma rest-frame electric and magnetic �elds are de�ned
[7] as

E��F��U�; (1)

B��1

2
����U�F�; (2)
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respectively. The electromagnetic �eld tensor can then
be written in the following form:

F�� = (E�U� �E�U�)+
1

2
����(BU� �B�U );(3)

where ���� is a completely antisymmetric tensor and
�0123 = 1.

For a hydrodynamical system whose pressure, den-
sity and velocity vary appreciably over distances of the
order of mean free path, thermal equibrium is not strict-
ly maintained and the uid kinetic energy is dissipated
as heat. The presence of weak space-time gradients
in an imperfect uid has the e�ect of modifying the
energy-momentum tensor [9]. For a uid system in-
teracting with radiation and wherein bulk viscosity is
the dominant dissipative component, the stress energy-
momentum tensor is

T�� =W1U
�U� �W2�

���
�W3n

�n� � �U
; (U

�U� � ���); (4)

where

W1 = " + p? +
B2

4�
; (5)

W2 = p? +
B2

8�
; (6)

W3 = p? � pk +
B2

4�
: (7)

Here B� = Bn� and the coe�cient of bulk viscosity
� is positive de�nite. The plasma 4-velocity is normal-
ized as U�U� = 1. The magnetic �eld unit vector n�

obeys n�n� = �1. The energy density " is in gener-
al a function of mass density � and the magnetic �eld
strenght B , and can be put in the following functional
form [7]:

" = �e(�;B) (8)

The pressures are

pk = �2
@e

@�
=

@"

@ln�
� "; (9)

p? = pk + �B
@e

@B
=

@"

@ln�
+

@"

@lnB
� ": (10)

These equations are in their most general form and
are representative of relativistic anisotropic state.

Invoking the usual frozen-in condition E� = 0 for
the relativistic magnetohydrodynamic uid, the elec-
tromagnetic dual tensor becomes

G�� = B(n�U� � n�U�); (11)

and the Maxwell equations yields

G��
;� = 0: (12)

The equations of motion of the uid are contained
in the particle and energy-momentumconservation laws
[2]:

J�;� = 0; (13)

T��;� = 0; (14)

where J�(= �U�) is the 4-current density.

III. DISPERSION RELATION

The perturbed state is characterized by � ! � +
��;B ! B+ �B; U� ! U�+ �U�; n� ! n�+ �n� , and
plane wave solutions for the perturbations require that
��; �B; �U�; �n� / exp (ik�x�) . It should be noted
that the condition U�U� = 1 and n�n� = �1 yields
the following constraints, U��U� = n��n� = 0.

It is assumed that the coe�cient of bulk viscosity
� does not vary appreciably with variations in above
system parameters (�;B; U� ).

Substituting in Eqs.(12)-(14) @=@x� ! ik� , one ob-
tains the following form:

k��J
� = 0; (15)

k��G
�� = 0; (16)

k��T
�� = 0: (17)

The frequency and parallel component of the wave
vector of the plane waves are de�ned in the rest frame
of the uid as:

! = k�U
�; kk = �k�n� (18)

respectively, and

k�k
� = s2 = !2 � k2 = !2 � k2k � k2?: (19)

The coe�cients Wi in the expression for the energy-
momentum tensor will be function of number density �
and magnetic �eld strength B . Hence,

�Wi =
@Wi

@�
�� +

@Wi

@B
�B:

The four-vector de�ned as l� � �����k�U�n� [7]
will be orthogonal to the independent four vectors k� ,
U� and n� i.e., l�U� = l�n� = l�k� = 0. Multiplica-
tion of Eqs.(15)-(17) by l� , one obtains�

kk !
!W1 kkW3

��
l��U�

l��n�

�
= 0: (20)

This yields the corresponding dispersion relation for
the Alfven wave:

!2 =
W3

W1
k2k;

=

�
p? � pk + B2

4�

" + p? + B2

4�

�
k2k: (21)
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It requires that l��U� and l��n� be non zero which
then reads that the uid oscillations be tied to the mag-
netic oscillations.

Multiplying Eqs.(15)-(17) by the other three inde-
pendent vectors k� , U� and n� gives the following
matrix
0
BBBBBB@

! 0 0 0 0 1
0 �kk 1 �! 0 0
0 ! 0 0 �kk 1
A1 B1 0 kkW3 0 W1

A2 B2 2kkW3 0 0 (�i�k2 + 2!W1)
A3 B3 W3 0 !W1 �i�kk

1
CCCCCCA

�

0
BBBBBB@

�ln�
�lnB
k��n�

U��n�

n��U�

k��U�

1
CCCCCCA

= 0; (22)

where

A1 = !
@

@ln�
(W1 �W2);

A3 = kk
@

@ln�
(W2 �W3);

A2 = !A1 + kkA3 + k2?
@

@ln�
W2;

B1 = !
@

@lnB
(W1 �W2);

B3 = kk
@

@lnB
(W2 �W3);

B2 = !B1 + kkB3 + k2?
@

@lnB
W2:

The corresponding dispersion relation for the slow
and fast magnetosonic modes are given by�

!2
@(W1 �W2)

@ln�
� k2k

@(W2 �W3)

@ln�

�
�

�
�
k2kW3 � !2W1 + k2?

@W2

@lnB

�

+k2?
@W2

@ln�

�
k2k

�
W3 +

@(W2 �W3)

@lnB

�
+

+!2
�
W1 � @(W1 �W2)

@lnB

��

�i�!
�
k2k

�
k2kW3 � !2W1

�
+

+k2?

�
!2

@(W1 �W2)

@lnB
+ k2k

@(W3)

@lnB

��
= 0: (23)

In the limit of bulk viscosity � ! 0 (perfect RAM
uid), this equation reduces to the dispersion relation
obtained by Gedalin [7].

IV. DISCUSSION

Unmagnetized Plasma :
In the absence of magnetic �eld, the energy density
" = "(�) and isotropy prevails i.e., W3 = 0; and to the
�rst order of dissipative term [9], we obtain

! = !0 + iLk2; (24)

where the decay characteristic length

L =
�

2("+ p)
; (25)

and the frequency of the sound waves with the bulk
shear being neglected

!0 = k

� @W2
@ln�

@
@ln� (W1 �W2)

� 1
2

;

= k

�
@p

@"

�1
2

: (26)

The amplitude of the sonic waves decays at the rate
� = Lk2 .
Magnetized Plasma :
(i) In the special case of propagation of magnetosonic
modes in the direction of the magnetic �eld, the fre-
quency is found to be

! = !0 + iLkk2; (27)

with the decay characteristic length

Lk =
�

2("+ pk)
; (28)

and the viscosity neglected frequency

!0 = k

� @(W2�W3)
@ln�

@
@ln� (W1 �W2)

� 1
2

;

= k

� @pk
@ln�

(" + pk)

� 1
2

: (29)

It is to be noted that Lk is always positive. This
implies that the wave decays for all possible values of
the system parameters.
(ii) For the magnetosonic waves propagating perpen-
dicular to the ambient magnetic �eld, the frequency is

! = !0 � iL?k2; (30)

where the spatial scale of decay

L? =
�( @"

@lnB + B2

4� )

2("+ p? + B2

4� )
@"
@ln�

; (31)

and the frequency in the absence of dissipation

!0 = k

� @(W1�W2)
@ln�

@W2
@lnB + @W2

@ln� [W1 � @(W1�W2)
@lnB ]

W1
@(W1�W2)

@ln�

� 1
2

;

= k

� @p?
@lnB + B2

4� +
@p?
@ln�
@"
@ln�

(" + p? � @"
@lnB )

"+ p? + B2

4�

� 1
2

: (32)
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In this case we observe that the magnetosonic modes
can grow or decay accordingly as L? > 0 or L? < 0.
In the latter case the system tends to return to its equi-
librium state while in the former instability grows. A
state characterized by L? = 0 represents propagation
of harmonics in the direction transverse to the magnet-
ic �eld unlike the unmagnetized-isotropic state wherein
the harmonics can propagate only upto its few charac-
teristic lengths.

Shrauner [13] proposed a generalized polytrope
model for the MHD set of equations for considering the
collisional, collisionless and the transitional regimes of
plasma state. According to Shrauner, the anisotropic
pressures can be written as

pk = Ck��B��; p? = C?��B� ; (33)

where Ck and C? are positive constants. The poly-
tropic indices �; �; � and � are positive constants and
these polytropic relations can be reduced in certain spe-
cial cases to well known equations of state for the pres-
sure. From equations (8), (9), (10) and (33) we get the
generalized energy density

" = a1� + a2pk + a3p?; (34)

where a1; a2 and a3 are positive constants. The con-
dition for decay of the transverse modes i.e., L? < 0
translate into

a2�pk > a3�p? +
B2

4�
: (35)

For a1 = 1; a2 = 1=2 and a3 = 1 we recover the ener-
gy density for a plasma state characterized by nonrel-
ativistic temperatures; " = � + 1

2pk + p? . Further, if
� = 3; � = 2; � = 1 and � = 1, then the system repre-
sents the well known CGL [14] state with pk = Ck�3=B2

and p? = C?�B . It is evident that the condition for
decay transverse modes in the CGL plasma reads as

pk > p? +
B2

4�
: (36)

This is the usual criterion for �rehose instability in
MHD.

We would like to point out that a simple gas of struc-
tureless point particles will have negligible bulk viscos-
ity in the extreme-relativistic or nonrelativistic limits.
However, this need not be the case for a uid composed
of a mixture of highly relativistic and nonrelativistic
particles. It is well known that the exchange of energy
between translational and rotational degrees of freedom
gives ordinary diatomic gases an appreciable bulk vis-
cosity. Although the present analysis assumes that co-
e�cient of bulk viscosity � does not vary appreciably,
it does depend on the dynamical variables of the sys-
tem in the general form � = 4bT 4� [13 � (@p@" )�]

2 . Here

T is plasma temperature, b is of the order of Stefan-
Boltzmann constant and � is the free mean time of
radiation quanta [9]. In view of this, the present work
is an indicative analysis of plasma as an imperfect uid
and can be explored further.
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We use the extended one-zone stellar pulsation model to investigate the factors a�ecting thermal variation of
pulsating stars. Non-linear analyses of the resulting equations are described. The results are in very good agreement
with the detailed calculations.

Key words: RR Lyrae { variable stars

1. Introduction

The extended one-zone model (Stellingwerf, 1972; Pri-
copi, 2005 hereafter Paper I) was used to investigate
the linear e�ects on the thermal variation of di�erent
factors such as: interior luminosity variation, radia-
tion, thickness of the shell, rotation and e�ective tem-
perature of equilibrium model. In this paper, we use
this model to investigate the nonlinear e�ects of factors
above on the adiabaticity, temperature, e�ective tem-
perature and opacity variation of RR Lyrae-like pulsat-
ing stars.

\Bump mechanism" (see Stellingwerf, 1978,1979) is
responsible for the pulsations of our extended one-zone
model (and, as expected, we found that the opacity are
increasing upon compression). However, this model is
not intended to be a substitute for �nely zoned non-
linear calculations. The results are qualitative and we
are content to seek out and explain only the simplest
features in terms of basic physical processes. In Sec-
tion 2 we resort the equations of our one-zone model
(see Paper I). Section 3 deals with the physical input of
the model. In Section 4 nonlinear results are present-
ed. The conclusions of this paper are summarized in
Section 5.

2. Basic equations

We resort the equations of our extended one-zone model
(see Paper I):

1. The motion equation:

d2X

dt2
= �(hX�q �X�2) � �(hX�q �X): (1)

1E-mail: dpricopi@aira.astro.ro

2. The energy equation:

dh

dt
= �" �

�
Xm(�3�1)h1�

�
� �

�
�
X4+m[n�(4+s)(�3�1)]h(4+s)

�
� �X�u

�
�

�3 �
�
(�3 � 1)X2h

�
X3 � �3

��1�
�
�
Xm[�3��1]h1�

�
� � 1

� dX
dt

: (2)

These equations forms a non-linear third-order set
of ordinary di�erential equations with time as inde-
pendent variable. After integration, we can obtain:
the temperature variation T=T0 = X�m(�3�1)h�

� ; the
opacity variation �=�0 = X�m[n�s(�3�1)]h�s

�
� and, us-

ing the relation L = 4�R2�T 4
eff , we obtain the e�ec-

tive temperature variation

Teff=Teff0 = X
1
2+

m
4 [n�(4+s)(�3�1)]h

1
4 (4+s)

�
� :

The variation of the luminosity at the base of the
shell is supposed to be Li=L0 = X�u where u is a
parameter that ranges from 0 to 20 (Stellingwerf and
Donohoe, 1987).

Frompressure variation P=P0 = (�=�0)�1h (Stelling-
werf, 1972) and temperature variation in the form
T=T0 = (�=�0)�1=�(P=P0)�=� (see Paper I), we obtain
the gradients

d lnP

d ln �
= �1 +

d lnh

d ln�
; (3)

d lnT

d ln �
= (�3 � 1) +

�

�

d lnh

d ln�

and

5 =
d lnT

d lnP
= 5ad +

�
�
� �5ad

�
d ln h
d ln �

�1 +
d ln h
d ln �

; (4)
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where we used the thermodynamic relation (��1 �
1)=� = �3 � 1; 5ad = (�2 � 1)=�2 = (�3 � 1)=�1:
It is easy to show that �=� > 5ad: Using �=�0 =
(1� �3)=(X3 � �3); � = Rc=R0 (Rc=core radius), we
obtain

@ lnh

@ ln�
= � 1

h

X3 � �3

3X2

dh=dt

dX=dt
: (5)

From (4) and (5) we may say the follows:
I. If dX=dt > 0 (expansion) then: 1) if dh=dt > 0

(h is increasing) then d lnh=d ln� < 0 and, from (25),
5 < 5ad i.e. the expansion is sub-adiabaticaly; 2) if
dh=dt < 0 (h is decreasing) then d lnh=d ln� > 0 and
5 > 5ad i.e. the expansion is supra-adiabaticaly;

II. If dX=dt < 0 (compression) then: 1) if dh=dt > 0
(h is increasing) then d lnh=d ln� > 0 and 5 >
5ad i.e. the expansion is supra-adiabaticaly; 2) if
dh=dt < 0 (h is decreasing) then d lnh=d ln� < 0
and 5 < 5ad i.e. the expansion is sub-adiabaticaly;

III. If dh=dt = 0 and dX=dt 6= 0 the shell is moving
adiabaticaly: 5 = 5ad ;

IV. If dX=dt = 0 (maximumcompression/expansion)
and dh=dt 6= 0 (as for the series of models which are
investigated below), we have 5 = �=� . From (2) it is
easily to show that a necessary contition for dh=dt = 0
(in the case of dX=dt = 0) is h < 1 at maximum
extension and h > 1 at maximum compression.

3. Physical input

For our model we take M = 0:5M�; R0 = 3:41 �
1011cm (tipical values for RR Lyrae-like stars) ; n = 1;
" = 10�4 . The shell thickness is chosen to compris-
es the outer 10 - 15% of the stellar radius. Also, s is
determined by the periodicity condition (\bump mech-
anism"). Angular velocity ! = (2�=2:6)�10�6 (period
of the rotation � 30 days) and oblateness � = 5�10�7

(such that the radial pulsations remains an adequate
working hypothesis). The pressure P = Pgas + Prad:
Following Kippenhahn and Weigert (1991), let � =
Pgas=P . It follows � = 1=�; � = (4 � 3�)=�; Oad =
[1+ (1� �)(4 + �)=�2]=[5=2+ 4(1� �)(4 + �)=�2] and
�1 = 1=(�� �Oad): If � = 1 ( pure gas) we have �1 =
5=3 and if � = 0 (pure radiation) we have �1 = 4=3:

4. Nonlinear results

To facilitate nonlinear calculations, we use the time nor-
malization t0 = t=104 and integrate eqs. (1) and (2)
(using Mathcad soft) for t0 2 [0; 150]. The integrations
were started at X = 1; h = 1 and dX=dt0 = 10�5

(leading to a maximal radial velocity of few tens m=s
for this model). We investigate the inuence of interior
luminosity variation, radiation, thickness of the shell,
rotation and luminosity per internal energy of the shell

ratio on the h function, temperature variation, e�ective
temperature variation and opacity variation. We men-
tion that, from Figures 1-9, it would be obtained more
information about the themal variation of our model
than we pointed out.

We begin by examining the e�ect of interior lu-
minosity variation taking u = 3; 5 and 10: In ad-
dition, we take � = 1; � = 0:87; " = 10�4 and
! = (2�=2:6) � 10�6: The resulting curves are shown
in Figures 1-4.

From the discussion of 5 and with help of Figure 1,
it is easy to �nd when the shell is moving adiabaticaly
(5 = 5ad ), super- (5 > 5ad ) and sub-adiabaticaly
(5 < 5ad ). So far, we may say that, for this models,
the shell is expanding/compressing adiabaticaly close
to maximal velocity (as expected) and close to maxi-
mal expansion, short time after it start to compress.
Also, from Figure 1 we may say that an increase of
interior luminosity variation results in an increase of
non-adiabaticity. From Figures 2-4 show us that the
temperature, e�ective temperature and the opacity are
increasing upon compression. This increase in � upon
compression (normally, � decreases upon compression)
enhances the dummng up of the radiation and con-
tributes to the driving in this region. Also, we observe
that, approximatively, �max is at maximum compres-
sion and �min is at maximum expansion of the shell.
The increase of u results in a increase of amplitude of
Teff -curve. The amplitude of � -curve is decreasing (as
expected) and the T -curve remains almost unchanged
for all three values of u .

To investigate the e�ect of radiation, we take � =
0:99995; � = 0:9999 and � = 0:99985: In addition, we
take u = 10; � = 0:87; " = 10�4 and ! = (2�=2:6)�
10�6: The resulting h-curve and �-curve are shown in
Figures 5,6.

From Figure 5 and taking into account (2) we can
dicuss the adiabaticity as before. But, it is interest-
ing to observe that the presence of radiation make the
shell to move adiabaticaly not close to maximal veloci-
ty, but close to maximal compression/expansion.While
radiation pressure is increasing, the variation of � is
decreasing (more radiation in the shell means smaller
�) and �max lags behind Xmin .

To investigate the e�ect of thickness of the shell, we
take � = 0:7; � = 0:8 and � = 0:9: In addition, we
take u = 4; � = 1; " = 10�4 and ! = (2�=2:6)�10�6:
The resulting �-curve is shown in Figure 7.

While the shell thickness is decreasing, the variation
of � is increasing (� must increase su�ciently upon
compression to compensate the thiness of the shell and
assure periodic pulsations), the variation of T and h is
increasing, but, the variation of Teff is decreasing.

Now, let us investigate the e�ect of rotation. We
take ! = 0:1�(2�=2:6)�10�6; ! = 5�(2�=2:6)�10�6
and ! = 10 � (2�=2:6) � 10�6: In addition, we take
u = 4; � = 1; " = 10�4 and � = 0:87: The resulting
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Figure 1: The inuence of interior luminosity variation on the h function

Figure 2: The inuence of interior luminosity variation on the temperature variation
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Figure 3: The inuence of interior luminosity variation on the e�ective temperature variation

Figure 4: The inuence of interior luminosity variation on the opacity variation
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Figure 5: The inuence of radiation on the h function

Figure 6: The inuence of radiation on the opacity variation
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Figure 7: The inuence of thickness of the shell on the opacity variation

Figure 8: The inuence of rotation on the opacity variation

�-curve are shown in Figure 8. The rotation have a small inuence on the thermal
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Figure 9: The inuence of " on the h function

variation of the pulsating star. The most important
ones are those on the h function and opacity. This may
be understood having in mind the stabilizing e�ect of
the rotation (the rotation tends to stabilize the star).

To investigate the inuence of " , we take " = 0:1�
10�4; " = 0:5�10�4 and " = 5�10�4: In addition, we
take u = 4; � = 1; � = 0:87 and ! = (2�=2:6)� 10�6:
The resulting h-curve are shown in Figure 9.

We see that the most important inuence of " is
on the variation of h function. This become clear if
we observe that we can take " as a measure of e�ec-
tive temperature of the equilibrium model. As the " is
growing, the shell tends to move adiabaticaly at maxi-
mum expansion.

5. Conclusions

Here we summarize the main results.

1. While the star is pulsating, the temperature, the
e�ective temperature and the opacity are increas-
ing upon compression.

2. The increase of the interior luminosity variation
leads to a increase of h and Teff variation and a
decrease of � variation.

3. The most powerfull inuence on the thermal vari-
ation is that of the radiation (as expected).

4. If the shell thickness is increasing, the amplitude
of h is decreasing (the local deviation from adia-
baticity become smaller).

5. The stabilizing e�ect of rotation is reected by
the increase of � variation (the growth of � upon
compression become more prononced), while h;
T and Teff are weakly inuenced by rotation.

6. It seems that the e�ective temperature of equilib-
rium model has the greatest inuence on the 5
variation.

More interesting and useful information regarding
thermal variation of a pulsating star and the way in
which it is inuenced by di�erent factors, can be ob-
tained from Figures 1-9. Finally, we conclude that this
simplemodel can be used succesfully to shed much light
upon thermal variation of the RR Lyrae type pulsating
stars.
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It is implemented a Calculation of the Planets' Perihelion on the Ground of the Gravitation's Theory, that takes
into account a Relative Speed of Gravitating Bodies. It is take into Consideration an Inuence of Solar Photons
and their Screening by an Planets' Atmosphere. It is showed that a Constant of Gravitation for Sun is a Variable
Quantity and at Present in Vacuum it is equal to 5:026 � 10�8sm3=g � sec2 .
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"Numbers decide all."

Max Planck

1. Introduction

A History of the Question is expounded in the Issue
[1]. According to Newton a trajectory of the Planet is
Ellipse

px = 1 + e cos': (1)

Here x = 1=r; r - is a Distance of the Planet to
the Sun. The rest Conventional Signs are determined
in the Table. But according to astronomical Data there
is century Parallax of a Perihelion of Planets �'(n)exp
(see the Table). A Problem was springing up. Einstein
[2] gave one of the Version of its Decision. He received a
Formula for an Angle Parallax in Time of one Rotation
of the Perihelion

�'E(1) = 3���; (2)

�� = �=p; � = 2GM�=c2 = 2:948 km: (3)

According to the Table Einstein's Prophecy is contrary
to Facts with the Exception of the Mercury. Again
a Problem arose. A Purpose of the present Work is
a Decision of this Problem. But before to o�er one
Model of the Gravitation Author elucidates a Sense of
Newton's and Einstein's Models.

1E-mail: vterrovere@yandex.ru

2. Newton's Model

A Gravitational Charge is analogous to an electrical
Charge. Only it radiates Gravitons instead of Photons.
This Analogy allows to use the Formula (14) of [3] for
a Model of the Gravitational Field

�i @�
@�

= a2��� ��: (4)

Here � - a Volumetric Density of the Number of
Gravitons, � - a Newton's Time [4], a2 - a Constant of
the Di�usion, � - a Middle Frequency of the Absorption
of Gravitons in a Medium. Let a Sphere with a Radius
R is a limit of the Source with a mass M . If � = 0
and h@�=@� i = 0 the Equation (4) assumes an air for
an Empty Space R < r <1

��(~r) = 0; �(r) = C0 � C1=r: (5)

With the regard for a limit Conditions �(R) = �R ;
�(1) = 0

�(r) = �RR=r: (6)

Since �R � M then �(r) � M=r . Let a Center
of Masses of the Target m is found at the Distance
r from a Center of Masses of the Source and let N
Gravitons interact with a Volume of the Target Vm .
Since Vm � m then N �Mm=r . If an Energy of own
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Graviton is equal to ~! then an Energy of the Stream
of Gravitons is equal to Eg � ~!Mm=r or

UN = GMm=r: (7)

Thus a potential Energy UN is none other than a
Kinetic Energy of Gravitons Kg which interact with a
Target. Knowing UN it is possible to solve a Problem
about a Trajectory of the Material Point m under an
Inuence of the Central Forces. A Well-known Decision
of this problem [ 5, x7 ] is given below.

m

2
(v2r + v2') = E � U; (8)

mrv' = C; (9)

U = UN = �A=r; A = GMm; (10)

vr =
@r

@�
; v' = r

@'

@�
; (11)

d� =
mr2

C
d'; (12)

d' = dr=( r2
r
2mE

C2
+
2mA

C2r
� 1

r2
);

d' =
�dxq

( ep )
2 � (x � 1

p )
2
; (13)

(
e

p
)2 =

2mE

C2 +
m2A2

C4 ;
1

p
=

mA

C2 ; (14)

'(x) = arcsin
p

e
(x� 1

p
) +

�

2
: (15)

Parameters of the Ellipse p and e are calculated on
the Basis of the Astronomical Data for the Apogee and
the Perihelion of the Planet

xmin =
1� e

p
; xmax =

1 + e

p
: (16)

Further Constants of Integration A; C will be cal-
culated by means of Formulas (14) always if Values e
and p = a(1� e2) are known.

3. Einstein's Model

If only a gravitational Field U acts on the material
Point then it is possible a Motion of the Perihelion only
when U di�ers from UN . For Example

U = UN (1 + �): (17)

A Problem consists of the Finding of the Amend-
ment � . According to (11), (12), (14)

�r =
vr
c
= (

C

mc
)
dx

d'
; �' =

v'
c

= (
C

mc
)x;

(
C

mc
)2 =

�p

2
;
2mE

C2
=

e2 � 1

p2
;
2UN
mc2

= ��x: (18)

Therefore

�2r =
�p

2
(
dx

d'
)2; �2' =

�p

2
x2; (19)

�2r =
2E

mc2
� �2' + �x(1 + �)

or

(
dx

d'
)2 =

e2 � 1

p2
+

2

p
x� x2 + �x(

mc2

C
)2�:

Einstein derived an analogous Equation [2]

(
dx

d'
)2 =

e2 � 1

p2
+
2

p
x� x2 + �x3: (20)

Therefore Einstein's Amendment has a Shape

�E = (
C

mc
)2x2 = �': (21)

and Einstein's potential Energy is equal to

UE = UN (1 + �2'): (22)

Taking into account (22) a Deduction of the Formula
(2) is trivial. Let

z = px; z1 = 1� e; z2 = 1+ e: (23)

Then

(
dz

d'
)2 = f(z); ' =

Z z2

z1

dzp
f(z)

; (24)

So

f(z) = RN + ��z3; RN = a+ bz + cz2; (25)

a = e2 � 1; b = 2 c = �1; (26)

1p
f(z)

� 1p
RN

� ��z3

2
p
R3
N

; (27)

Z z2

z1

dzp
RN

= �

Z z2

z1

z3p
R3
N

= �3�: (28)

�'E(1) = 2(� ��

2
(�3�) = 3���:

A Coincidence �'E(n) with an Experiment is con-
tented for Mercury only. But if a theory has a Co-
incidence only in one Point of the Massive of the Ex-
perimental Data then it isn't evidence of the Good of
the theory. No Theory may be decided on the Ground
of its Coincidence in the only Point of the Massive of
the Experimental Data. A Very unpleasant Moment in
Einstein's Prophecies lies in that Fact that Experimen-
tal data for Earth and Mercury exceed Einstein's Data.
Again a problem was springing up.
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4. Author's Model

In 2001 Author [6] published without a Deduction a
following Generalization of the Formula (22)

UT = UN (1 + �2' + 2s�r + �2r ); s = �1: (29)

Further it is given a Deduction of this Formula. Let
a material Point m revolves on a �xed Center. For the
present Case formula (29) is transformed in Formula
(22). If we will turn into a revolving System with a
circular Speed v' then Formula (22) is transformed in
Formula (7). This means that in Fact Newton's Formu-
la (7) is put down for a revolving System with a Center
in a Source! Here the Source and a Target are �xed
between itself and Gravitons are a Speed ~cr . Then Im-
pulses of these Particles are equal to

~Pm = 0; ~Pg = mg ~cr: (30)

Gravitons and a Target are found in one common
immovable Point A(~r) at a Moment of the Interaction.
But in an initial System a material point A(~r) moves
with a Speed ~v(t). Therefore in this System Impulses
of the Particles are equal to

~Pm = �m~v; ~Pg = mg(~cr � ~v): (31)

A Kinetic Energy of the graviton is equal to

Kg =
mg

2
(~cr � ~v)2: (32)

Since ~v = ~vr + ~v' then a scalar Product of the
Vectors ~vg is equal to

v2g = (~cr � ~v)(~cr � ~v) =

(~cr � ~vr)(~cr � ~vr) + v2' =

~cr � 2 crvr cos(~cr; ~vr) + v2;

K0
g =

mg

2
c2r ;

Kg=K
0
g = 1� 2�r cos(~cr ; ~vr) + �2: (33)

Since UN = K0
g then by cr = c

UT = UN (1 + 2s�r + �2); s = cos (~cr ; ~vr): (34)

Now it is necessary to calculate a Trajectory of the
Target m by Chance an Energy of the Gravitational
Interaction (29). Our Amendment in Formula (17) is
equal to

�T = 2s�r + �2: (35)

Therefore

�2r =
2E

mc2
� �2' + �(1 + �T ); � = �x; (36)

(1 � �)�2r � 2s��r = F (x);

F (x) =
2E

mc2
� �2' + ��2'; (37)

�r =
s�

1� �
+

s
F (x)

1� �
+ (

s�

1� �
)2: (38)

With the regard for (19)

dx

d'
=

r
2

�p

s�

1� �
+

s
2

�p
(
F (x)

1� �
+ (

s�

1� �
)2); (39)

dz

d'
=
p
f(z) + s"; ' =

Z z2

z1

dzp
f(z) + s"

; (40)

f(z) =
RN (z) + ��z3

1� ��z
+

2

��
(

��z

1� ��z
)2;

" =
p
2��

z

1� ��z
: (41)

The Integral (40) is calculated by an analogy with
(24)

1p
f(z) + s"

� 1p
f(z)

� s"

f(z)
;

' =

Z z2

z1

dzp
f(z)

�
Z z2

z1

"dz

f(z)
+

+

Z z1

z2

�dzp
f(z)

+

Z z1

z2

"(�dz)
f(z)

;

' = 2

Z z2

z1

dzp
f(z)

: (42)

f(z) = RN + "G; (43)

"G = (e2 � 1)��z + 4��z2 + O(��2); (44)

' = 2�+ 4��� (45)

�'G(1) = 4���: (46)

We would remind you that �'E(1) = 3��� . In the
Table are adduced Results of the Calculation �'G(n)
by Formula (46). It is obvious that Forces of the non-
gravitationalOrigin inuence on a Motion of the perihe-
lion of Planets also. It is necessary to take into account
this Forces.
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Table 1: Results of the Calculation �'G(n) by Formula (46)

Planet Mercury Venus Earth Mars

m; 1024 kg 0.330 4.869 5.974 0.642

a; 106 km 57.91 108.21 149.60 227.9

e 0.2056 0.0068 0.0167 0.0933

p; 106 km 55.46 108.20 149.56 225.92

T; 24hours 87.969 227.701 365.256 686.98

n 415.210 160.410 100. 53.168

�'E(n) 42".906 8".496 3".832 1".341

�'G(n) 57".210 11".329 5".109 1".798

�'calc(n) 43".110 8".537 5".109 1".798

�'exp(n) 43".110 3".4�4".8 5".0�1".2 8".094�8".3

Conventional Signs:
m - a mass of the planet,

a - a Big half-axis of the Orbit,
e - an Eccentricity of the Ellipse,

p - a Focal Parameter,
T - a period,

n - a Number of the revolution of planets around the Sun at a Century,
M� = 6:67 � 1030kg - a Mass of the Sun.

5. Mystery of Constant of Gravitation
for Sun

The Sun reradiates always gravitons with a permanent
Power Wg . Here Author brings into Use an Analogy
with the Electron [3]. As long as are proceeding ther-
monuclear Reactions at the Sun it radiates Photons
with a variable Power W(� ). In contrast to Gravi-
tons Photons repulse a Planet from the Sun and hence
Photons diminish a Displacement of the Perihelion of
Planets. An Energy of the Interaction of photons with
a Planet has a Shape (34) also. But a Constant of the
Interaction is equal to G(� ). Therefore a Constant of
Gravitation for the Sun is equal to

G� = G�G(� ) = K(� )G: (47)

K(� ) - a Coe�cient of the Diminution of the Con-
stant of Gravitation G at the Expense of the Radiation
of Solar Photons W . It is obvious that for a Satellite
that rotates around a planet or around the "cold" Sun
in Vacuum

�'(1) = 4��� � G: (48)

But for a planet that rotates around the "hot" Sun

�'�(1) = 4���� � G�: (49)

Author considers that the observed Value �'exp(1)
for Mercury is an absolute truth. Then today

K(� ) =
�'exp(1)

4���
=

5:0335 � 10�7
6:6797 � 10�7 = 0:75355;

G

G
= 0:24645:

A Critical power of the Radiation is equal to

Wcrit = KW W KW = G=G : (50)

For the Sun KW;� = 4:0576. If W (0) > Wcrit then
Planets don't attracting to the Sun and it is impossible
a Formation of the solar System. It is evident that the
Sun comes into existence thus that a Power of the Radi-
ation was W (0) < Wcrit and G�(0) < G�(� ). After a
�nishing of the "Combustion" of the Sun its Constant
of gravitation is equal to G = 6:67 � 10�8 cm3=g s2 .
But just right now at present this Value is equal to
G� = 5:026 � 10�8cm3=g s2 . Author considers that
Photons don't screening by an Atmosphere of the Mer-
cury and Venus. Therefore the Formula (49) is correct
for the Mercury and Venus. Author considers that Pho-
tons are screening practically by an Atmosphere of the
Earth and Mars. Therefore the Formula (48) is true for
the Earth and Mars. Final Results for �'calc(n) are
given in the Table. But a last Word belongs by right
to an Experiment!
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6. Conclusion

� A Situation concerning a motion of the Perihelion
of Planets is more intricate than Einstein imagined it
to himself.

� With this Purpose Author proposed a Theory of
Gravitation that takes into account a relative Speed of
Gravitating Bodies.

� Author take into Consideration an Inuence of Solar
Photons on a motion of the Perihelion of Planets.

� Author take into Consideration an Inuence of the
Atmosphere of Planets an a Decrease of the Flow of
Solar Photons.

� Author showed that a Constant of Gravitation is
a Variable Quantity and in Vacuum at present it is
equal to 5:026 � 10�8 cm3=g s2 . A Generally accepted
Constant of Gravitation is just only to Objects that
don't radiate Photons.
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