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Several arguments concerning the relativistic vexatae quaestiones of the gravity �eld of a point mass and of the wavy
gravity �elds.

Introduction

I give a concise analysis, with essential historical
references, of two critical subjects of relativistic astro-
physics: the gravity �eld of a point mass and the wavy
gravity �elds.

First Part: On the gravity �eld of a point mass

1.{ The solution of the problem of the Einsteinian grav-
itational �eld, which is generated by a point mass M at
rest, is given { if r; �; ' are spherical polar coordinates
{ by the following expression of the spacetime interval
([1], [2]):

ds2 =

�
1� 2m

f(r)

�
c2dt2 �

�
�
1� 2m

f(r)

��1
[df(r)]2 � f2(r)d!2; (1)

where: m � GM=c2 ; G is the gravitational con-
stant and c the speed of light in vacuo; d!2 � d�2 +
sin2 �d'2 ; f(r) is any regular function of r .

In the original solution form of the above problem
given by Schwarzschild in 1916 [2], the function f(r) is
as follows:

f(r) � �r3 + 2m3�1=3 ; (2)

thus Schwarzschild's ds2 holds, physically and mathe-
matically, in the entire spacetime, with the only excep-
tion of the origin r = 0, seat of the mass M , where we
have a singularity.

If one chooses simply

f(r) � r; (3)

one obtains the so-called standard form of solution,
which is usually, and erroneously, named \by Schwarz-
schild". It was deduced ex novo, by integrating the
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Einstein equations, by Hilbert [3], by Droste [4], and
by Weyl [5], independently.

Another interesting form, �rst investigated by M.
Brillouin [6], is obtained by putting in (1)

f(r) � r + 2m; (4)

it holds in the wholespacetime, with the only exception
of the origin.

On the contrary, the standard form is physically
valid only for r > 2m , because within the spatial
surface r = 2m (which is a singular locus) the time
coordinate takes the role of the radial coordinate, and
vice versa, the solution becomes non-static, and the
ds2 loses its essential property of physical \appropri-
ateness", according to the expressive Hilbert's termi-
nology [3]. Further, I emphasize with Nathan Rosen
that the radial coordinate of the standard solution has
been initially chosen in such a way that the area of
spatial surface r = k is given by 4�k2 . According-
ly, it is di�cult to admit that the coordinate r can
transform itself into a time coordinate. We ask our-
selves: does the restriction r > 2m imply a physical
limitation? Not at all! Indeed, as the classic Authors
knew, the exterior part r > 2m of the standard form
is di�eomorphic to the Schwarzschild's and Brillouin's
forms, which hold for r > 0. One can say that the
\globe" r = 2m of the standard form shrinks into the
point r = 0 of Schwarzschild's and Brillouin's forms,
which is a singular point with an associate super�cial
area 4�(2m)2 .

An odd reection on the \globe" r = 2m generated
the notion of black hole: it would not have come forth if
the treatises had expounded the forms of Schwarzschild
or of Brillouin, in lieu of the standard form.

In a review article on the black holes [7], a true ma-
nifesto of scienti�c policy, we �nd some amazing results,
e.g. the following evaluation of the average density of a
black hole (sic): mass M divided by (4=3)�r30 , where
r0 � 2GM=c2 ; thus the point mass M is ideally dis-
tributed within the \globe" r = 2m ; accordingly, the
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average density of a black hole is inversely proportion-
al to the square of its mass M . A marvellous conse-
quence: if M is equal to the mass M� of the Sun, the
average density is � 1016g � cm�3 , whereas for a mass
M = 108M� , the average density is � 1g � cm�3 , i.e.
equal to water density. And a black hole of vanishing
density has an in�nitely large mass, and vice versa.

I remark that as far back as 1922 the competent
scientists knew the right interpretation of the standard
solution. Indeed, in 1922 a meeting was held at Coll�ege
de France, which was also attended by Einstein; the
physical meaning of the \globe" r = 2m was discussed
and de�nitively clari�ed. See the lucid paper by Mar-
cel Brillouin quoted in [6]. This author shows that
it is not permitted to extend the radial coordinate of
Schwarzschild's and Brillouin's forms to the negative
values of the interval �2m < r < 0, and proves si-
multaneously that the attribution of a physical mean-
ing to the interval 0 < r < 2m of the standard form
is pure nonsense. Furthermore, let us recall that in a
second fundamental memoir [8], Schwarzschild deter-
mined the Einsteinian gravitational �eld generated by
an incompressible uid sphere; now, if one computes
the limit of his solution when the sphere contracts into
a material point of a �nite mass M , one �nds anew
the Schwarzschildian solution for a point mass: this is
another proof of the \physicality" of the origin. More-
over, we remember that a uid sphere of uniform den-
sity and given mass cannot have a radius smaller than
(9=8)(2m).

Quite similar considerations can be made for the
gravitational �elds generated by an electrically charged
particle and by the spinning particle of the well-known
Kerr's solution. In regard to the solution form { non-
static and \maximally extended" { of Schwarzschild
problem due to Kruskal [9] and Szekeres [10], we can de-
clare its physical superuity, because already the static
forms of Schwarzschild and Brillouin, in particular, are
\maximally extended".

Question concerning the continued gravitational col-
lapse: it is almost evident that if we bear in mind, e.g.,
Schwarzschild's and Brillouin's forms of solution, no
continued collapse can generate a black hole { and this
was just Einstein's opinion. (See also Appendix A). On
the other hand, it is physically clear that the real grav-
itational collapses cannot continue inde�nitely, but end
�nally in astronomical objects of �nite, relatively small,
dimensions. (See my article \Relativistic spherical sym-
metries", http://xxx.lanl.gov/abs/physics/0107071
(July 28th, 2001) (misclassi�ed: proper class.: gr-qc)).

I remark at last that the most cautious among
the observational astrophysicists have always called
in question the very notion of black hole. They know
perfectly that the observed \black holes" do not coin-
cide with the theoretical black holes, but are only large,
or enormously large, masses concentrated in relatively
small volumes.

1bis.{ It can be shown (see e.g. P.A.M. Dirac, General
Theory of Relativity { Wiley and Sons, New York, etc.,
1975 { p.32 and foll.) that the singular surface r = 2m
of the standard form of solution to Schwarzschild prob-
lem has the following properties:
i) A material point falling into the central body takes
an in�nite time to reach the critical surface r = 2m ;
ii) If the above particle is emitting light of a certain fre-
quency and is being observed by someone at a large val-
ue of r , its light is red-shifted by a factor (1�2m=r)�1=2
. This factor becomes in�nite as the particle approaches
the singular surface r = 2m . All the physical processes
on the particle will be observed to be going more and
more slowly as it approaches r = 2m ;
iii) Let us consider an observer travelling with the par-
ticle; it reaches r = 2m after the lapse of a �nite proper
time for the observer, who has aged only a �nite amount
when he and the particle reach r = 2m ;
iv) The spatial region r < 2m cannot communicate
with the space for which r > 2m . Any signal, even
a light signal, would take an in�nite time to cross the
boundary r = 2m ; thus we cannot have a direct ob-
servational knowledge of the region r < 2m . Such a
region is called a black hole, because things may fall
into it (taking an in�nite time by our clocks, to do so),
but nothing can come out.

I have reproduced almost literally some signi�ca-
tive sentences of sect. 19 of the cited Dirac's booklet.
The proofs of properties i), ii), iii) are quite rigorous.
On the contrary, the proof of property iv) rests on a
paralogism: indeed, if one hides (as Dirac and many
authors do) the singularity r = 2m in the connection
between the coordinates (r; t) and suitable new coor-
dinates (�; � ), it is possible to extend the transformed
solution to the region r < 2m (where the roles of r and
t are interchanged!). Then, one can "prove" formally
property iv).

I remark �nally that properties i), ii), iii) hold also
for Schwarzschild's and Brillouin's forms (e.g.) if we
substitute the critical surface r = 2m of the standard
form with the point r = 0 of the above forms.

In lieu of property iv), which characterizes the odd
notion of black hole, the mentioned forms have the fol-
lowing property: any signal which starts from r = 0
will take an in�nite time to reach any �nite distance
from the origin: it seems that one must be content
with a black point. However, the story is not con-
cluded, because it is possible to show that there exist
in�nite, non-trivial forms of solution to Schwarzschild
problem which are regular everywhere for r � 0 (see
my article \Regular solutions of Schwarzschild prob-
lem", http://xxx.lanl.gov/abs/physics/0104064 (April
20th, 2001) (misclassi�ed: proper class.: gr-qc))).

2.{ Many physicists think that the notion of black hole
is only a relativistic generalization of a Newtonian no-
tion, created by Michell (1784) and Laplace (1796).
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Now, as it has been proved by McVittie (see The Ob-
servatory, 78 (1978) 272), this idea is based only on
\a play of words in expressions such as the velocity of
escape or the escape from a body".

Let us indeed consider a celestial spherical body of
radius R and mass M . According to Newtonian dy-
namics, the velocity of escape w of a particle, which is
projected radially outwards from the body's surface, is
given by

w2 = 2GM=R: (5)

If the particle is projected with a velocity u smaller
than w , i.e. if

u2 < 2GM=R; (6)

it will arrive at a �nite distance from the celestial body,
and then will fall on its surface again.

By employing the Newtonian corpuscular theory of
light, which says that light is composed of corpuscles
obedient to Newton's law of gravitation and travelling
with a given velocity c , Michell and Laplace remarked
that if c < w the light corpuscles cannot go away in-
de�nitely from the celestial body. Only if the radius R
of the celestial body is such that

R = 2GM=c2; (7)

they can escape from the gravitational attraction ex-
erted by the mass M . Then, if

R < 2GM=c2; (8)

the light corpuscles will attain to a �nite distance D
from the celestial body, and an observer situated at
an intermediate distance between R and D will see
the celestial body, owing to the light corpuscles which
arrive at his eyes.

If only the spherosymmetrical black hole of gener-
al relativity existed, it ought to have the fundamen-
tal property that neither the material particles nor the
light corpuscles can leave its surface (see sect.1bis).
Therefore such an object would be invisible to any ob-
server, however near he may be. None of the phenom-
ena observed by the experimentalists in the region sur-
rounding a \black hole" of Michell-Laplace is present in
the neighbourhood of a black hole of general relativity.

The imagined connexion with the Newtonian for-
mula (7) comes forth in this way: if for the determina-
tion of the Einsteinian gravitational �eld generated by
a point mass M (Schwarzschild problem) one chooses
the standard form { see (3) { as Droste, Hilbert and
Weyl (not Schwarzschild) did, the radial coordinate r0
of the points of the space surface r = r0 (r0 is the
\radius of the black hole") is given by

r0 � 2GM=c2; (9)

this formula resembles the Newtonian formula (7),
which regards a velocity of escape c . But eq.(7) im-
plies obviously that all observers { including those at
an in�nitely great distance from the celestial body {
can see it. As it is clear, the \Newtonian black hole"
of Michell-Laplace is not a black hole!

The well-known scepticism of McVittie regarding
the existence of relativistic black holes appears clearly
from the �nal considerations of the cited Note, where
he emphasizes, in particular, that there is \no way of
asserting through some analogy with Newtonian gravi-
tational theory that a black hole could be a component
of a close binary system or that two black holes could
collide. An existence theorem would �rst be needed to
show that Einstein's �eld equations contained solutions
which described such con�gurations".

3.{ A question: why did the standard form (Droste-
Hilbert-Weyl) prevail { in the scienti�c literature { over
the original form of Schwarzschild? This is an interest-
ing problem for an unprejudiced historian of our sci-
ence. Here I limit myself to mention three reasons:
i) the mathematical deduction of the standard form is
simpler than that of Schwarzschild's form; ii) the inu-
ence implicitly exerted by Hilbert, the greatest math-
ematician and mathematical physicist of past century;
iii) the premature death of Schwarzschild, due to a rare
illness contracted at the German-Russian front.

4.- See in [24] a complete list of my papers concern-
ing the subject of previous sects.1�3 published in Los
Alamos Archive.

Second Part: On the wavy gravity �elds

5. - During an epistolary discussion a known relativist
wrote to me: \Without gravity waves, one would have
to explain an instantaneous propagation of a change in
the metric over the whole universe simply by changing
the distribution of stress or mass in a system". This
conviction is quite widespread, but is wrong. It is an
incontestable fact that the physical non-existence of the
gravitational waves is quite consistent with the funda-
mental principles of relativity theory: the Einsteinian
�eld equations are time-symmetrical { and therefore it
is perfectly legitimate to discard formal solutions which
are time-asymmetrical. Analogously, Maxwell equa-
tions of the electromagnetic �eld are time-symmetrical:
the existence of the electromagnetic waves is only a
theoretical possibility, not a theoretical necessity : the
physical existence of the e.m. waves is an experimen-
tal fact.

6.{ A question : what is the behaviour of the metric
tensor when, e.g., a supernova explodes? Answer : A
su�ciently near apparatus would register a variation of
the Einsteinian gravitational �eld which would be ap-
proximately similar to the corresponding variation of
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the Newtonian �eld. However, no gravitational wave {
i.e. no physical entity endowed with a \life" indepen-
dent of the source - would be emitted.

7.{ There is an enormous number of papers concerning
the gravitational waves. Here I limit myself to quote
two manifestos by Schutz [11]; the �rst of them includes
an ample bibliography.

Originally, the emission of gravitational waves was
hypothesized and calculated in analogy to the electro-
magnetic case, starting from the linear approxima-
tion of the Einsteinian �eld equations, whose spatio-
temporal substrate is \rigid" and coincides simply with
Minkowski's spacetime. This \rigidity" tells us that
there is a primary conceptual di�erence between exact
theory and linearized theory, which is simply a theory of
a weak gravitational �eld in a at spacetime, having an
invariant character with respect to the Lorentz transfor-
mations. Its formalism resembles the Minkowskian for-
malism of Maxwell theory, and { under suitable bound-
ary conditions { allows the theoretical emission of un-
dulating �elds. Einstein did not like this result { and
for many reasons. In spite of the innumerable compu-
tations that were performed since the Twenties of past
century, he doubted always about the physical reality
of the gravitational radiation. In particular, Einstein
thought it is likely that only the time-symmetrical so-
lutions of his �eld equations can represent physical phe-
nomena.

I remark that the usual computations concerning
the emission of gravitational waves by moving bodies
are of a perturbative character and have the linearized
version of the theory as a �rst approximation. Accord-
ingly, they do not yield a true existence theorem. On
the other hand, it is possible to prove rigorously that
no motion of point masses can generate gravitational
waves [12]. A very simple proof is the following. Let
us suppose that at a given instant t of its motion a
given point mass M begins to send forth a gravita-
tional wave and let us assume to know the kinematical
characteristics of the motion between t and t + jdtj .
It is indisputabile that we can reproduce these char-
acteristics in a gravitational motion of the mass M in
a suitable \external" gravitational �eld, within a time
interval equal to jdtj , conveniently chosen. But in this
case the mass M moves along a geodesic - and there-
fore it cannot emit any gravitational radiation: indeed,
the geodesic motions are \free" motions, they are the
perfect analogues of the rectilinear and uniform mo-
tions of an electric charge of the usual Maxwell-Lorentz
theory. Q.e.d.

Conclusion: since no \mechanism" exists for the
generation of gravitational waves (the restriction to mo-
tions of mass points is conceptually inessential), all the
formal solutions of the Einsteinian �eld equations hav-
ing an undulatory character do not describe physical
waves. (See also Appendix B1 ).

There are, however, other arguments which demon-
strate the physical non-existence of the gravity radia-
tion. Consider, for instance, that in the exact theory a
gravitational wave would be an entity destitute of a true
energy and a true momentum: consequently it cannot
interact with any whatever apparatus or with an e.m.
�eld: otherwise the energy-momentum account would
not balance.

Many years ago, in the end of a paper [13] Pirani
proposed to the reader and to himself the following
problem: \Suppose for example that a Schwarzschild
particle is disturbed from static spherical symmetry by
an internal agency, radiates for some time, and �nally is
restored to static spherical symmetry. Is its total mass
necessarily the same as before?" We have here a typical
Scheinproblem: if the gravitational radiation existed, it
would have only a pseudo (false) energy, therefore the
�nal mass would be identical to the initial mass.

Furthermore, the undulatory character and the
propagation velocity of a metric tensor depend on the
reference system: with a suitable choice of the frame
the undulatory character disappears, with a suitable
choice of the frame the propagation velocity can take
any value between zero and the in�nite. (In general rel-
ativity we do not have a class of physically privileged
frames of reference : : :).

8.{ Several authors have avoided intentionally the ba-
sic problem concerning the emission \mechanism" of
the gravity waves and have looked for undulating so-
lutions of the Einsteinian equations with a mass ten-
sor equal to zero. Some exact solutions and others of
a perturbative nature have been found. This is not
surprising because the theory of the characteristics of
the Einstein equations (Levi-Civita [14]) yields a rigor-
ous proof of the existence of wave fronts; of what kind
of waves? Electromagnetic waves, according to Levi-
Civita { for several reasons, in primis because general
relativity (analogously to special theory) must contain
the geometrical optics.

Einstein, M�ller, Scheidegger [15] and Rosen [16],
but particularly Infeld e Plebanski [17] had serious rea-
sons against the physical existence of the gravity waves,
see Appendix B2 .

9.{ According to a di�use belief, the time decrease of
the revolution period of the famous binary radiopulsar
PSR1913+16 gives an experimental indirect proof of
the physical reality of the gravitational radiation.

Owing to the observational data yielded by the \reg-
ular clock" of the pulsar, the interesting orbital param-
eters and the masses of the two stars (regarded as point
objects) have been perturbatively computed. Then, the
perturbative quadrupole formula gave a decrease of the
revolution period, which agreed very well with the ob-
servations.

I emphasize the following points. In the exact the-
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ory the quadrupole formula loses any meaning because
the hypothesized gravity waves do not have a true en-
ergy. Therefore, the true mechanical energy which is
lost during the revolution motion ought to transform
itself into the pseudo energy of the hypothetical grav-
ity radiation: evidently the energy account does not
balance.

Devil's advocate could object: if we restrict our-
selves to the linear approximation of general relativi-
ty (as the experimentalists do), which has Minkowski
spacetime as its substrate, the physical existence of the
gravitational waves is surely a theoretical possibility.
Answer : the energy-momentum of such gravitational
waves has a tensor character only under Lorentz trans-
formations, not under general transformations. There-
fore it is always possible to �nd (and we remain, of
course, in the ambit of the linear approximation) a
general frame for which the above energy-momentum
is equal to zero. But a wave with no energy and no mo-
mentum is not a physical object, even if it is formally
endowed with a curvature tensor di�erent from zero.

In the second place, there are realistic explana-
tions of the decrease of the revolution period { as it
is well known to the observational astrophysicists; for
instance, viscous losses of the pulsar companion would
give a time decrease of the revolution period of the same
order of magnitude of that given by the hypothesized
emission of gravity radiation.

Finally, the empirical success of a theory { or of a
given computation { is not an absolute guaranty for its
conceptual adequacy. Consider for instance the Ptole-
maic theory of cycles and epicycles, which explained
rather well the planetary orbits (with the only excep-
tion of Mercury's). As it was emphasized by Truesdell
[20], the heliocentric theory would have been rejected if
people of 17th century had had the modern computers.

10.{ See in [25] a complete list of my papers concern-
ing the subject of previous sects.5�9 published in Los
Alamos Archive.

\Ti par che farrebe male un che volesse
mettere sotto sopra il mondo rinversato?"

(\Do you think it is wrong
to reverse a reversed world?")

Giordano Bruno

APPENDIX A

All the Great Spirits who created and developed the
general relativity (Einstein, Levi-Civita, Schwarzschild,
Hilbert, Weyl, Eddington, Pauli, Fock, : : :) rejected al-
ways the very notion of black hole. In 1939 Einstein
wrote a remarkable article [20], which was e�caciously
summarized by Bergmann [21] with the following sen-
tences, where the phrase \Schwarzschild singularity"
means more solito (and improperly!) the critical sur-

face of the standard form of solution to Schwarzschild
problem. \Einstein investigated the �eld of a system
of many mass points, each of which is moving along a
circular path, r = const. , under the inuence of the
�eld created by the ensemble. If the axes of the circular
paths are assumed to be oriented at random, the whole
system or cluster is spherically symmetric. The purpose
of the investigation was to �nd out whether the con-
stituent particles can be concentrated toward the center
so strongly that the total �eld exhibits a Schwarzschild
singularity. The investigation showed that even before
the critical concentration of particles is reached, some of
the particles (those on the outside) begin to move with
the velocity of light, that is, along zero world lines. It is,
therefore, impossible to concentrate the particles of the
cluster to such a degree that the �eld has a singularity.
(The singularities connected with each individual mass
point are, of course, not considered.)

Einstein chose this example so that he would not
have to consider thermodynamical questions, or to in-
troduce a pressure, for the particles of his cluster do not
undergo collisions, and their individual paths are explic-
itly known. In this respect, Einstein's cluster has prop-
erties which are nowhere encountered in nature. Never-
theless, it appears reasonable to believe that Einstein's
result can be extended to conglomerations of particles
where the motions of the individual particles are not
arti�cially restricted as in Einstein's example." [21].

(N.B. { In reality, Einstein [20] employed the so-
called isotropic coordinates in lieu of the standard co-
ordinates. Of course, the validity of his argument is
independent of this choice.).

APPENDIX B1

i) Any particle of a continuous, incoherent \cloud
of dust", characterized by the mass tensor

T jk = �
dxj

ds

dxk

ds
; (j; k = 0; 1; 2; 3); (10)

where � is the invariant mass density, describes a
geodesic line, and therefore cannot emit gravitation-
al waves (see the �rst paper quoted in [12]). A simple
application: the gravitational motions of the members
of solar system.

ii) A well-known Fermi's geometrical theorem [22]
as generalized by Eisenhart [23] a�rms: For a manifold
endowed with a symmetric connection it is possible to
choose a coordinate system with respect to which the
components �ijk (= �ikj) of the connection are zero at
all points of a curve (or of a portion of it).

For a Riemann-Einstein spacetime this means that
there exists a coordinate system with respect to which
the �rst derivatives of the components hjk; (j; k =
0; 1; 2; 3);of the metric tensor are zero at all points
of a curve (or of a portion of it) { in particular, at all
points of a time-like world line.
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iii) Let us now consider a continuous medium (for
instance, a perfect uid) characterized by a certain
mass tensor Tjk , and let gjk(x) be the solutions of
Einstein equations

Rjk � 1

2
gjkR = ��Tjk (11)

corresponding to a generic motion of our medium with
respect to a given reference frame (x) � (x0; x1; x2; x3)
. Let us suppose to follow the motion of a given mass
element describing a certain world line L . If we refer
this motion, from the initial time t0 on, to a Fermi's
reference system (z) � (z0; z1; z2; z3) , the components
hjk(z) of the metric tensor will be equal to some con-
stants for all points of line L . In other words, the gravi-
tational �eld on L has been obliterated. Consequently,
no gravitational wave has been sent forth. Now, line L
is quite generic, and therefore no motion of the continu-
ous medium can give origin to a gravitational radiation.

APPENDIX B2

By means of approximation methods for the treat-
ment of gravitational motions of the bodies Scheideg-
ger in 1953 [15], and Infeld and Plebanski in 1960 [17]
arrived at negative conclusions about the physical ex-
istence of a gravity radiation.

Scheidegger showed that all the computed radiation
terms can be destroyed by suitable coordinate trans-
formations. Infeld and Plebanski showed that \ : : :
it is hardly possible to connect any physical meaning
with the ux of energy and momentum tensor de�ned
with the help of the pseudo-energy-momentum tensor.
Indeed, the radiation can be annihilated by a proper
choice of the coordinate system. On the other hand, if
we use a coordinate system in which the ux of energy
may exist, then it can be made whatever we like by the
addition of proper harmonic functions : : :".

The common conclusion of the arguments of Ap-
pendices B1 and B2 , in particular, is that there is no
"mechanism" apt to produce gravitational waves. A
conclusion which is in full accord with Einstein's ideas
and Levi-Civita's conviction.
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A strictly linear evolution of the cosmological scale factor is surprisingly an excellent �t to a host of cosmological
observations. Any model that can support such a coasting presents itself as falsi�able model as far as classical
cosmological tests are concerned. This article discusses the concordance of such an evolution in relation to several
standard observations. Such evolution is known to be comfortably concordant with the Hubble diagram as deduced from
current supernovae Ia data. It passes constraints arising from the age and gravitational lensing statistics and just
about clears basic constraints on nucleosynthesis. Such an evolution exhibits distinguishable and veri�able features
for the recombination era. The overall viability of such models is discussed.

1. Introduction

Large scale homogeneity and isotropy of matter and
radiation observed in the universe suggests the follow-
ing [Friedmann-Robertson-Walker (FRW)] form for the
space-time metric:

ds2 = dt2 � a(t)2[ dr2

1�Kr2
+ r2(d�2 + sin2�d�2)]:(1)

Here K = �1; 0 is the curvature constant. In standard
\big-bang" cosmology, the scale factor a(t) is complete-
ly determined by the model for the equation of state
of matter and Einstein's equations. The scale factor,
in turn, determines the response of a chosen model to
cosmological observations. Four decades ago, the main
\classical" cosmological tests were (1) The galaxy num-
ber count as a function of red-shift; (2) The angular
diameter of \standard" objects (galaxies) as a function
of red-shift; and �nally (3) the apparent luminosity of
a \standard candle" as a function of red-shift. Over
the last two decades, other tests that have been per-
fected, or are fast approaching the state of perfection,
are: the early universe nucleosynthesis constraints, es-
timates of age of the universe in comparison to ages of
old objects, statistics of gravitational lensing and �nal-
ly, the physics of recombination as deduced from cosmic
microwave background anisotropy.

In this article we explore concordance of the above
observations with a FRW cosmology in which the scale
factor evolves linearly with time: a(t) / t , right from
the creation event itself. The motivation for such an
endeavour comes from several considerations. First of
all, such a cosmology does not su�er from the horizon

1e-mail: dlohiya@iucaa.ernet.in

problem. Horizons occur in models with a(t) � t� for
� < 1 [see eg. [1, 2]]. As a matter of fact, a linear-
ly evolving model is the only power law model that
has neither a particle horizon nor a cosmological event
horizon. Secondly, linear evolution of the scale fac-
tor is supported in alternative gravity theories where
it turns out to be independent of the matter equation
of state [3, 4, 5]. The scale factor in such theories does
not constrain the matter density parameter. This con-
trasts with the Standard FRW model where the Hubble
parameter determines a critical value of density which
turns out to be a dynamical repeller. This is the root
cause of the \atness" or �ne tuning problem. Final-
ly, such a linear coasting cosmology, independent of the
equation of state of matter, is a generic feature in a
class of models that attempt to dynamically solve the
cosmological constant problem [6, 4, 5]. Such models
have a scalar �eld non-minimally coupled to the large
scale scalar curvature of the universe. With the evo-
lution of time, the non-minimal coupling diverges, the
scale factor quickly approaches linearity and the non-
minimally coupled �eld acquires a stress energy that
cancels the vacuum energy in the theory.

There have been other gravity models that also ac-
count for a linear evolution of the scale factor. Notable
among such models is Allen's [7] in which such a scaling
results in an SU (2) cosmological instanton dominated
universe. Yet another possibility arises from the Weyl
gravity theory of Mannheim and Kazanas [8]. Here
again the FRW scale factor approaches a linear evolu-
tion at late times.

Although any of the above are good enough rea-
sons for exploring the concordance of a linear coasting,
we add to this list the following reason of our own.
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The averaging problem in General Relativity has never
been properly addressed, let alone solved [9, 10]. This
is in contrast with the corresponding problem in clas-
sical electromagnetic theory [11]. There one can (i)
start with multi-singular solutions to the Laplace equa-
tion, (ii) smear each charge over a large enough sphere,
and (iii) if the overall distribution satis�es Dirichlet /
Neumann boundary conditions at in�nity, the average
potential can be de�ned and coincides with the solu-
tion to the Poisson equation. In General Relativity
the corresponding construction has not been carried
out. All precision tests of General Relativity involve
vacuum (source free region) solutions of Einstein equa-
tions. Strictly speaking, there are no tests of Einstein
theory with matter. In the interior of all astrophysi-
cal sources, either the weak �eld (Newtonian) limit is
put to test or, where the weak �eld limit is expect-
ed to break down, one assumes General Relativity to
parametrize the equation of state (eg. for neutron /
quark stars etc.).

On the other hand, the above problems could be
circumvented by taking Einstein's equations with the
source terms as the de�ning equations for a gravity the-
ory. The justi�cation for such an approach could rely
on its correct Newtonian limit. Such an attitude comes
with its own problems.

First of all, one encounters a related averaging prob-
lem again when one applies the theory to cosmology. Is
it justi�ed to assume the large scale behaviour of the
lumpy universe to be the same as that predicted by the
smoothed out FRW models ? The essential issue is that
averaging the metric does not commute with determin-
ing the local connection followed by the determination
of the local Ricci tensor and �nally forming the �eld
equations to determine the metric. There have been
several attempts to resolve this issue [9, 10], but with
limited success. Moreover, reliance on an ansatz just
because of its Newtonian limit may in fact be awed.
Newtonian gravity does not o�er unique cosmological
solutions in the continuum limit for an open cosmology
[12].

All studies on the averaging problem and the con-
tinuum limit have not considered the retarded e�ects
in their full generality. Newtonian cosmology, applied
to an exploding Milne ball in a at space-time [see eg.
[13, 14]] gives a unique linear coasting cosmology viz.
the FRW [Milne] metric with a(t) = t .

Finally, we recall an approach to General Relativity
starting from a spin two �eld interacting with a source
in a at space-time. Incorporating back reaction on the
source in a gauge invariant manner and to all orders of
perturbations yields Einstein's theory [15, 16, 17, 18].
However, the entire analysis relies on canonical propa-
gation of gravity and fails for a distribution of particles
across horizons if one has a cosmological creation event.
The equivalence Principle tells us that the natural way
to describe a distribution of particles just after a cre-

ation event, in case one demands gravity not to have
globally set in on account of event horizons, is a distri-
bution in a at space-time. This again takes one back
to Milne cosmology.

Indeed, consider the universe just after its \creation
event", de�ned at t = 0, at a small enough time t = � .
In a classical description, let the matter be distribut-
ed as a swarm of particles in a Riemannian manifold.
One may accept Einstein's theory as a local theory and
invoke Einstein's equations at the location of each par-
ticle, viz.: G�� = �8�T�� . In the inter-particle spaces,
the equations read: G�� = 0. For � small enough, there
is no reason to expect the global space-time dynamics
to be governed by an average stress energy distribution:
< G�� >= �8� < T�� > . This is particularly unrea-
sonable on account of horizons in the theory. There
is absolutely no dynamical reason to expect an aver-
age gravity, described by Einstein's equations on the
average, to have globally \set in". It is much more rea-
sonable to expect gravity not to have set in globally
on account of retarded e�ects. Matter distribution on
large scales, in the absence of global gravitation, is nat-
urally described as a distribution in a at space-time.
Such a general homogeneous and isotropic distribution
of matter in a at space-time, described in co-moving
coordinates, is just the Milne ball. This reduces to an
open FRW universe with the scale factor a(t) = t .

We may take any of the above as the basis for our
linear coasting conjecture. In what follows, we assume
that a homogeneous background FRW universe is born
and evolves as a Milne Universe about which a mat-
ter distribution and standard General Relativity would
determine the growth of perturbations. Thus we con-
jecture that the Einstein equations give a correct mi-
croscopic description of gravitation. This being so, the
global dynamics of a FRW Universe, at a small time
� after a creation event, is not described by the aver-
aged Einstein equations but as a freely coasting Milne
Universe.

Interestingly, a universe born as a Milne model pro-
vides just the right initial condition required to sort out
the cosmological constant problem. It is straightfor-
ward to formulate an action principle for gravity where
the determinant of the metric is not a dynamical quan-
tity. The trace of the stress tensor of any matter �eld
does not contribute to the dynamics of gravitation [6].
Although this solves the naturalness problem of the cos-
mological constant, an e�ective cosmological constant
appears as an integration constant in this formulation.
What is needed is some physical reason that demands
a at space-time solution to describe cosmology at any
instant of time and our conjecture does precisely that.

The following section reviews the concordance of lin-
ear evolution in relation to standard cosmological ob-
servations.
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2. A linearly coasting cosmology

2.1. Classical Cosmology tests

To our knowledge, the �rst exploration of concordance
of a linearly evolving scale factor with observations was
conducted by Kolb [19]. Kolb obtained a linear evo-
lution by a judicious choice of \K-matter" that makes
the universe curvature dominated at low red-shifts. At
su�ciently high red-shifts, normal matter becomes in-
creasingly dominant. One could thus manage to have a
linear coasting at low red-shifts without giving up sev-
eral nice results of standard cosmology such as cosmo-
logical nucleosynthesis. Kolb demonstrated that data
on galaxy number counts as a function of red-shift as
well as data on angular diameter distance as a func-
tion of red-shift do not rule out a linearly coasting cos-
mology. Unfortunately, these two tests are marred by
e�ects such as galaxy mergers and galactic evolution.
For these reasons these tests have fallen into disfavour
as reliable indicators of a viable model.

The variation of apparent luminosity of a \standard
candle" as a function of red-shift is referred to as the
Hubble test. The discovery of Type Ia-Supernovae [SNe
Ia] as reliable standard candles raised hopes of elevat-
ing the status of this test to that of a precision mea-
surement that could determine the viability of a cos-
mological model. The main reasons for regarding these
objects as reliable standard candles are their large lu-
minosity, small dispersion in their peak luminosity and
a fairly accurate modeling of their evolutionary fea-
tures. Recent measurements on 42 high red-shift SNe
Ia's reported in the supernovae cosmology project [20]
together with the observations of the 16 lower red-shift
SNe Ia's of the Callan-Tollolo survey [21, 22] have been
used to determine the cosmological parameters 
� and

M for the standard model. The data eliminates the
\minimal inationary" prediction de�ned by 
� = 0
and 
M = 1. The data can however, be used to as-
sess a \non-minimal inationary cosmology" de�ned by

� 6= 0, 
�+
M = 1. The maximum likelihood anal-
ysis following from such a study has yielded the values

M = 0:28� 0:1 and 
� = 0:72� 0:1 [23, 24, 26, 27].

To explore the concordance of a linear coasting cos-
mology, it is convenient to consider a power law cos-
mology with the scale factor a(t) = �kt� , with �k; �
arbitrary constants. It is straightforward to discover
the following relation between the apparent magnitude
m(z), the absolute magnitude M and the red-shift z
of an object for such a cosmology:

m(z) =M+ 5 logHo + 5 log(
�

Ho
)�(1 + z)�kS�

�[ 1

(1� �)�k (
�

Ho
)1��(1� (1 + z)1�

1
� )]: (2)

Here S[X] = X; sin(X) or sinh(X) for K = 0;�1 re-
spectively, and M = M � 5log(Ho) + 25. The best �t

turns out to be � = 1:001� :0043, K = �1. [28]. The
minimum �2 per degree of freedom turns out to be 1.18.
This is comparable to the corresponding value 1.17 re-
ported by Perlmutter et al for non-minimal inationary
cosmology parameter estimations. The concordance of
linear coasting with SNe Ia data �nds a passing men-
tion in the analysis of Perlmutter [20] who noted that
the curve for 
� = 
M = 0 (for which the scale factor
would have a linear evolution) is \practically identi-
cal to best �t plot for an unconstrained cosmology".
More recently, new high redshift supernovae sightings
have been reported. Linear coasting is as accommodat-
ing even for the largest red-shift supernova (1997�) as
the standard non-minimal inationary model [25].

The age estimate of the (a(t) / t) universe, deduced
from a measurement of the Hubble parameter, is given
by to = (Ho)�1 . The low red-shift SNe Ia data [21, 22]
gives the best value of 65 km sec�1 Mpc�1 for the Hub-
ble parameter. The age of the universe turns out to be
15 � 109 years. This is � 50% greater than the age
inferred from the same measurement in standard (cold)
dark matter dominated cosmology (without the cosmo-
logical constant). Such an age estimate is comfortably
concordant with age estimates of old clusters.

A study of consistency of linear coasting with grav-
itational lensing statistics has recently been reported
[29]. The expected frequency of multiple image lensing
events is a sensitive probe for the viability of a given
cosmology. A sample of 867 high luminosity optical
quasars projected in a power law FRW cosmology gives
an expected number of �ve lensed quasars for a power
� = 1:09�0:3. This indeed matches observations. Thus
a strictly linear evolution of the scale factor is comfort-
ably concordant with gravitational lensing statistics.

2.2. \The precision" tests

a) The Nucleosynthesis Constraint What makes
linear coasting particularly appealing is a recent demon-
stration that primordial nucleosynthesis is not an im-
pediment for a linear coasting cosmology [30, 31]. A
linear evolution of the scale factor may be expected
to radically e�ect nucleosynthesis in the early universe.
Surprisingly, the following scenario goes through.

Energy conservation, in a period where the baryon
entropy ratio does not change, enables the distribution
of photons to be described by an e�ective temperature
T that scales as a(t)T = constant. With the age of
the universe estimated from the Hubble parameter be-
ing � 1:5� 1010 years, and T0 � 2:7K, one concludes
that the age of the universe at T � 1010K would be
some four years [rather than a few seconds as in stan-
dard cosmology]. The universe would take some 103

years to cool to 107K. With such time periods being
large in comparison to the free neutron life time, one
would hardly expect any neutrons to survive. How-
ever, with such a low rate of expansion, weak inter-
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actions remain in equilibrium for temperatures as low
as 108K. The neutron - proton ratio keeps falling as
n=p � exp[�15=T9] . Here T9 is the temperature in
units of 109K and the factor of 15 comes from the n-
p mass di�erence in these units. There would again
hardly be any neutrons left if nucleosynthesis were to
commence at (say) T9 � 1. However, as weak interac-
tions are still in equilibrium, once nucleosynthesis com-
mences, inverse beta decay would replenish neutrons
by converting protons into neutrons and pumping them
into the nucleosynthesis channel. With beta decay in
equilibrium, the baryon entropy ratio determines a low
enough nucleosynthesis rate that can remove neutrons
out of the equilibrium bu�er at a rate smaller than the
relaxation time of the bu�er. This ensures that neutron
value remains unchanged as heavier nuclei build up. It
turns out that for baryon entropy ratio � � 5 � 10�9 ,
there would just be enough neutrons produced, after
nucleosynthesis commences, to give � 23:9% helium
and some 108 times the metallicity produced in the
early universe in the standard scenario. This metallic-
ity is of the same order of magnitude as seen in lowest
metallicity objects.

The only problem that one has to contend with is
the signi�cantly low yields of deuterium in such a cos-
mology. Though deuterium can be produced by spal-
lation processes later in the history of the universe, it
is di�cult to produce the right amount without a si-
multaneous over production of lithium [32] However, as
pointed out in [30], the amount of helium produced is
quite sensitive to � in such models. In an inhomoge-
neous universe, therefore, one can have the helium to
hydrogen ratio to have a large variation. Deuterium
can be produced by a spallation process much later in
the history of the universe. If one considers spallation
of a helium de�cient cloud onto a helium rich cloud, it is
easy to produce deuterium as demonstrated by Epstein
[32] - without overproduction of lithium.

Interestingly, the baryon entropy ratio required for
the right amount of helium corresponds to 
b � 0:2.
Here 
b is the ratio of the baryon density to a \den-
sity parameter" determined by the Hubble constant:

b � �b=�c = 8�G�b=3H2

o . 
b � 0:2 closes dynam-
ic mass estimates of large galaxies and clusters [see eg
[33, 34]]. In standard cosmology this closure is sought
to be achieved by taking recourse to non-baryonic cold
dark matter. Thus in a linearly scaling cosmology, there
would be no need of non-baryonic cold dark matter at
all.

b) The recombination epoch

We describe this in some detail as the peculiarities of
the recombination epoch in a linearly coasting cosmol-
ogy are not covered in any standard (curvature domi-
nated) cosmology description.

The salient features of a linear coasting cosmology
at the recombination epoch can be deduced by making a

simplifying assumption of thermodynamic equilibrium
just before recombination. As in standard cosmology,
a recombination process that directly produces a hy-
drogen atom in the ground state releases a photon with
energy B = 13:6 eV in each recombination. n(B), the
number density of photons in the background radiation
with energy B , is given by [see eg. [35, 34]]:

n(B)

n
=

16�

n
T 3exp(

�B
T

) � 3� 107


Bh2
exp(

�13:6
�

); (3)

where � is the temperature in units of eV. This ratio is
unity at � � 0:8 for 
Bh2 � 1 and decreases rapidly
at lower temperatures. Any 13.6 eV photons released
due to recombination have a high probability of ioniz-
ing neutral atoms formed a little earlier. [In the follow-
ing, we shall quote all results for our favoured values

b � 0:2 and the Hubble parameter 65 km/sec/Mpc.]
This process is therefore not very e�ective for produc-
ing a net number of neutral atoms. The dominant re-
combination process proceeds through an excited state:
(e + p �! H� + 1; H� �! H + 2). This produces
two photons, each having lesser energy than the ion-
ization potential of the hydrogen atom. The 2p and
2s levels provide the most rapid route for recombina-
tion. The 2p decay produces a single photon, while
the decay from the 2s is by two photons. As the re-
verse reaction occur at the same rate, recombination
is a non-equilibrium process that proceeds at a much
slower rate. The thermally averaged cross section for
the process of recombination (p+ e$ H + ) is given
by [33, 34]:

< �v >

c
� 4:7� 10�24(

T

1eV
)1=2 cm2: (4)

This gives the reaction rate:

� = np < �v >= 2:374� 10�10�7=4�
�exp(�6:8=� )(
bh

2)1=2 cm�1: (5)

This is to be compared to the Hubble expansion rate
at that epoch, H = H0(T=T0). Given the Hubble
constant (H0 = 100h km=sec=Mpc) and CMB e�ec-
tive temperature T0 = 2:73K now, the Hubble pa-
rameter at any temperature turns out to be: H =
4:7� 10�25h� cm�1 . This equals � at

��3=4exp(6:8=� ) = 1:96� 1015(
b)
1=2: (6)

A straightforward iteration gives:

��1 � 5:17� 0:11ln(��1) + 0:074ln(
b) � (0:2)�1 (7)

corresponding to a red-shift given by:

1 + z � 874:5[1+ 0:015 ln(
b)]
�1: (8)

The residual fraction of electrons turns out to be [34]:

xe � (
�

4�(3)
p
2
)
1
2 ��

1
2 (

T

me
)�

3
4 exp(�6:8

�
): (9)



156 Savita Gehlaut, A. Mukherjee, S. Mahajan & D. Lohiya

From eqn.(6), we have

xe � 7:9� 10�9
��3=2


bh
: (10)

For the red-shift range 800 < z < 1200, the approx-
imate fractional ionization is:

xe =
2:4� 10�3


bh2
(
z

1000
)12:75: (11)

After decoupling at � = 0:2, this gives a residual
ionization:

xe;res � 9� 10�8(
bh)
�1: (12)

The only process that may still be e�ective at such
low temperatures is the Thomson scattering with a
cross section �T = 6:7� 10�25 cm2 . The optical depth
for photons would be:

� =

Z t

0
nb(t)xe(t)�T dt =

= �
Z z

0
nb(z)xe(z)�T (

dt

dz
)dz: (13)

With nb(z) = �n (z) = � � 421:8(1 + z)3 cm�3 , and

dt

dz
= � 1

H0(1 + z)2
(14)

one can �nd the red-shift at which the optical depth
goes to unity.

If one considers the residual ionization xe;res , we
get

� = 4:7� 10�2 � (
z

1000
)2: (15)

From this optical depth, we can compute the proba-
bility that a photon was last scattered in the interval
(z; z + dz). This is given by:

P (z) = e��
d�
dz

� :94� 10�5(
z

1000
)�

�exp[�0:047( z

1000
)2] (16)

� becomes unity at z � 4610. This implies that the
residual ionization has insu�cient optical depth to scat-
ter photons from the decoupling epoch. From the ex-
pression for fractional ionization eqn(11), the optical
depth of the last scattering surface can be deduced to
be:

� = 170� (
z

1000
)14:75: (17)

This gives:

P (z) � 2:5(
z

1000
)13:75exp[�170( z

1000
)14:75] (18)

� goes to unity at zR � 703. This P (z) can be ap-
proximated by a Gaussian centered at zR � 703 with
a width �z � 51:8.

An important scale that determines the nature of
CMB anisotropy is the curvature scale which is the
same as the Hubble radius for the linear coasting. The
angle subtended today, by the Hubble radius at zR =
703, is determined by

1 + zR
2

�

2
= sinh[

d(�)(1 + zR)

2a0
]: (19)

Here d(�) = dH(tR) = H(tR)�1 = [H0(1+zR)]�1 . This
gives:

(
1 + zR

2
)
�

2
= sinh(

1

2
) (20)

or �H � 10 minutes.
In standard cosmology, the sound horizon is of the

same order as the Hubble length at recombination. The
Hubble length determines the scale over which physi-
cal processes can occur coherently. Thus one expects
all acoustic signals to be contained within an angle of
the order of the angle subtended by the Hubble length
at recombination. In a linear coasting cosmology, the
Hubble length is precisely the inverse of the curvature
scale. However, the sound horizon (s� ) is much larger.
Strictly speaking, the particle as well as the sound hori-
zon are in�nite for a linear coasting cosmology. For our
purpose, it su�ces to take the epoch of birth of pressure
waves as the epoch of baryon production. We take this
to be the QGP phase transition epoch TQGP � 1012K .
The distance a sound wave travels from this epoch till
recombination, projected transverse to the line of sight
on the last scattering surface [LSS], subtends an angle
at the current epoch which can be refered to as the
sound horizon angle:

�� � 1p
3
ln(

Ti
Tf

)� 2

1 + z�
: (21)

This is � 2o for Ti = TQGP and Tf � 103K corre-
sponding to z� � 705. The angle subtended by the
sound horizon scale is thus roughly 12 times that sub-
tended by the curvature length scale of ten minutes.
The photon di�usion scale is determined by the thick-
ness of the LSS. With z� � 705 and �z � 51, the pho-
ton di�usion scale projected on the LSS corresponds to
an angular size roughly one fourteenth of the Hubble
length at the LSS. This subtends an angle of 43" at the
current epoch.

The above scales in principle determine the nature
of CMB anisotropy. The CMB e�ectively ceases to
scatter when the optical depth to the present drops
to unity. After last scattering, the photons e�ective-
ly free stream. On the LSS, the photon distribution
may be locally isotropic while still possessing inhomo-
geneities i.e. hot and cold spots, which will be observed
as anisotropies in the sky today [see eg. [36, 37]. As
described in the Appendix, temperature uctuations,
determined by the potential and density perturbations,
are expressible by an expansion in terms of eigenmodes
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of the generalized Laplace operator r2 with eigenval-
ues �k2 . The phase of oscillation is frozen in at last
scattering. The critical wave number kA � �=s� cor-
responds to the sound horizon at that time. Longer
wavelengths will not have evolved from the initial con-
ditions and possess �=3 gravitational potential uctu-
ations after gravitational red-shift [36, 37]. This com-
bination of the intrinsic temperature uctuation and
the gravitational red-shift is the \Sachs - Wolfe e�ect".
Shorter wavelengths can be frozen at di�erent phas-
es of the cos(ks�) oscillation for adiabatic perturba-
tive modes and as sin(ks�) for isocurvature uctuation
modes. For adiabatic modes as a function of k there
will be a harmonic series of temperature uctuation
peaks with km = mkA = m�=s� for the mth peak
(m = 1; 2:::). Odd peaks represent compression phase
(temperature crests), whereas even peaks represent the
rarifaction phase (temperature troughs), inside poten-
tial wells. In the isocurvature case, just as in the adi-
abatic case, the self gravity of the photon baryon uid
essentially drives the oscillations. Unlike the adiabatic
case, it is the sine rather than the cosine oscillations
that are driven now. Peaks occur at k = (m + 1=2)kA
with all even peaks being enhanced by the baryon drag.
More exotic models might produce a phase shift lead-
ing to a uctuation cos(ks� + �). This would shift the
location of the �rst peak while leaving the spacing be-
tween the peaks the same: km � km�1 = kA . Thus the
sound horizon at last scattering should be measurable
from the CMB.

Subtle complications that arise in our CMB anisotro-
py study can be tackled in the same manner that deals
with them in the standard model. For example, in
the total variance of temperature uctuation, it can
be seen that the photon density and potential uctua-
tions would cancel the velocity (Doppler) uctuations
were the sound speed exactly cs = 1=

p
3. However, for

cs < 1=
p
3, the locations of the peaks for the temper-

ature variance coincides with those of the photon den-
sity and potential uctuations [see eg [37]]. The wave
number k = 1, in units of the curvature scale, would
correspond to a length on the LSS that subtends an
angle of 100 today. It is straightforward to determine
the peak location for the adiabatic and isocurvature
perturbations for the primary SW e�ect. For adiabatic
modes, compression peaks occur for odd values of m at
angles �adm = 120=m� minutes. For isocurvature modes
they occur at even m at �isom = 120=(m + 1

2)� min-
utes. Fluctuations would have a decreasing amplitude
for smaller angles due to photon di�usion that makes
the coupling between the baryon - photon uid bleed
for small scales as it vanishes at 4300 .

All modes corresponding to angles greater than 10
minutes correspond to eigenmodes 0 < k < 1. These
are supercurvature modes. The location of the largest
(adiabatic) wavelength peak is k = �=12 � 1=4 cor-
responding to an angle of � 400 . As explained in the

appendix [39, 38], the eigenfunctions of supercurvature
modes are suppressed for open models. For k = 1=4
the eigenfunction is suppressed by a factor of the order
unity. The relative amplitudes of the k modes is deter-
mined by an initial power spectrum that is set by an
ab initio ansatz. The suppression of the supercurvature
mode with k � 1=4 can be countered by a correspond-
ing change in the initial power spectrum. With the
mode amplitude increasing with decreasing k below the
curvature scale and the modes suppressed beyond the
curvature scale, it is in principle possible to ensure the
location of a primary peak at roughly 20 - 25 minutes
by suitable choice of the initial power spectrum.

The exact pro�le of the anisotropy would be de-
termined by the choice of the nature of initial con-
ditions (adiabatic or isocurvature), the chosen initial
power spectrum, and the growth of perturbations af-
ter z� (decoupling). These determine the late or the
integrated SW e�ect, aspects of reionization etc.

The main point we make in this article is that in
spite of a signi�cantly di�erent evolution, the recom-
bination history of a linearly coasting cosmology gives
the location of peaks for the primary acoustic peaks in
the same range of angles as that given in Standard Cos-
mology. Given that none of the alternative anisotropy
formation scenarios provide a compelling ab initiomod-
el [41] , it is perhaps best to keep an open mind to
all possibilities. As the large scale structure and CMB
anisotropy data continue to accumulate, one could ex-
plore the general principles for an open coasting cosmol-
ogy to aid in the empirical reconstruction of a consistent
model for structure formation.

Finally, we are tempted to mention that a linear
coasting cosmology presents itself as a falsi�able mod-
el. It is encouraging to observe its concordance. In
standard cosmology, falsi�ability has taken the back-
stage - one just constrains the values of cosmological
parameters subjecting the data to Bayesian statistics.
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Appendix

Subsequent to decoupling, perturbations of the last
scattering surface [LSS] and the intervening space, leave
an imprint on the streaming microwave background
photons observed at the present epoch. To describe the
gross features of perturbations of the model we start
by writing the background line element as

ds2 = (0)g��(x)dx
�dx� = dt2 � a2(t)ijdx

idxj =
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= a2(�)(d�2 � ijdxidxj); (A:1)

where � is the conformal time d� � a�1dt .

ij = �ij [1 +
1

4
K(x2 + y2 + z2)]�2; (A:2)

where K = �1 for the � = constant hypersurface de-
scribing an open model's space-like section.

Assuming the perturbations to be described by the
perturbed Einstein Equations: �G�� = �T�� , the met-
ric can be expanded as usual in terms of the scalar,
vector and tensor modes [see eg. [42]]. The gauge in-
variant scalar perturbation equations are:

r2� � 3H�0 � 3(H2 �K)� = 4�Ga2��gi; (A:3a)

(a�)0;i = 4�Ga2(�o + po)�u
gi
i ; (A:3b)

�00 + 3H�0 + (2H0 +H2 �K)� = 4�Ga2�pgi: (A:3c)

Here, r2� � i;j�;i;j , is the wave operator for the
open model. H � a0=a , where 0 is a derivative with
respect to conformal time, and �nally the ��gi; �ugii
and �pgi are the gauge invariant density, velocity and
pressure parameters respectively [42]. These equations
are valid whenever linear perturbation theory is valid.
This requires j�j << 1 but not necessarily j��=�j << 1.
The above equations combine to give:

�00+3H(1+c2s)�
0�c2sr2�+[2H 0+(1+3c2s)(H

2�K)]� =

= 4�Ga2��S: (A:4)

Here the parameters cs; � are determined in terms of
the matter, radiation and entropy densities �m; � ; S
and are given by:

c2s =
1

3
(1 +

3

4

�m
�

)�1; � =
c2s�m
S

: (A:5)

Entropy perturbations, �S , also called isocurvature
perturbations, can be generated if the di�erent matter
components are distributed non-uniformly in space but
with uniform total energy density and hence uniform
curvature at the beginning.

For a radiation dominated epoch, the evolution of
adiabatic perturbations (�S = 0)is given by putting
cs � 1=

p
3 when eqn(A.4) reduces to:

�00 + 4�0 +
k2

3
� + 4� = 0; (A:6)

where we de�ne �k2 as the eigenvalue for r2 . A
straightforward solution to this equation is: � �!
t�2exp(ik�=

p
3). This form for �, together with

eqn(A.3a) determine the density perturbations in the
radiation dominated epoch provided we have an ansatz
for an initial power spectrum. It is also straightfor-
ward to solve the potential equations in the matter
dominated epoch as well.

In general [see eg [36]] it is convenient to expand
cosmological perturbations in a series of eigenfunctions
of the Laplacian. Firstly, each mode (each term in the
series) evolves independently with time. This makes
is easy to evolve a given initial perturbation forward
in time. Secondly, by assigning a Gaussian probabili-
ty distribution to the amplitude of each mode, one can
generate a homogeneous Gaussian random �eld. Such a
�eld consists of an ensemble of possible perturbations.
It is supposed that the perturbations seen in the ob-
servable universe is a typical member of the ensemble.
The stochastic properties of a Gaussian random �eld
are determined by its two point correlation function
< f(1)f(2) > , where f is the perturbation and the
brackets denote the ensemble average. For a homoge-
neous �eld, the correlation depends only on the distance
between the two points.

For the expansion of perturbations in terms of the
Laplacian with eigenvalues �k2=a2 , modes with real
k2 > 1 provide a complete orthonormal basis for L2

functions [40, 39]. They vary appreciably on scales less
than the curvature scale a and are called subcurvature
modes. A related wave number and a related radial
coordinate are de�ned as:

q2 � k2 � 1; � � sinh�1r:

A typical expansion of the wave mode is:

f(�; �; �; t) =

Z 1

0
dq
X
lm

fklm(t)Zklm(�; �; �); (A:7)

where Zklm � �kl(�)Ylm(�; �), and the radial func-
tions are:

�kl =
�(l + 1 + iq)

�(iq)

1p
sinh�

P
�l�1=2
iq�1=2 (cosh�) (A:8)

normalized as:Z 1

0
�kl(�)�k0l0 (�)sinh

2�d� = �(q � q0)�ll0 ;
Z
Z�klmZk0l0m0dV = �(q � q0)�ll0 �mm0 : (A:9)

The constant non-zero phase of �kl can be dropped by
de�ning the real function:

�kl � Nkl�̂kl;

�̂kl � q�2(sinh�)l(
�1

sinh�

d

d�
)l+1cos(q�);

Nkl �
r

2

�
q2[�l

n=0(n
2 + q2)]�1=2: (A:10)

The problems with these modes is that they are
inadequate to describe perturbations over scales larger
than the curvature scale. For this purpose, while con-
sidering perturbations in an open universe, one should
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retain not only the subcurvature modes (de�ned as
eigenfunctions of the Laplacian with eigenvalues less
than -1 in units of curvature scale), but also the su-
percurvature modes whose eigenvalues lie between 0
and -1. All modes must be included to generate the
most general homogeneous Gaussian random �eld even
though they may not be linearly independent. The
reason for this is the following:

With cosmological perturbations assumed to be
Gaussian in the regime of linear evolution, a Gaussian
perturbation is de�ned as one whose probability dis-
tribution functions are multivariate Gaussians and its
stochastic properties are completely determined by its
correlation function. The perturbation turns out to be
homogeneous with the correlation function depending
only on the distance between the points.

If one merely includes the subcurvature modes, it
is easy to deduce the form for the correlation function
[39, 40]:

�f =

Z 1

1

dk

k
Pf (k)

sin(qr)

q sinhr
: (A:11)

Setting r = 0 gives the mean square value:

�f (0) �< f2 >=

Z 1

1

dk

k
Pf (k): (A:12)

Therefore, by expanding a perturbation in terms of sub-
curvature modes, the correlation is bounded by:

�f (r)

�f (0)
<

r

sinhr
(A:13)

q �! 0 does not correspond to in�nitely large scales,
but to scales of the order of the curvature scale.

Thus including only the subcurvature modes gen-
erates a Gaussian perturbation whose correlation func-
tion necessarily falls o� faster than r=sinhr . This re-
ects the fact that each supercurvature mode varies
strongly on a scale bigger than the curvature scale. A
random superposition of such modes will hardly ever be
nearly constant on a scale much bigger than the curva-
ture scale. This is precisely what the lack of correlation
on large scales tells us.

One could consider correlation on arbitrarily large
scales by including the super curvature modes. For
�1 < q2 < 0 the analytic continuation of the radial
function �kl gives the supercurvature modes:

�kl � Nkl�̂kl;

�̂kl � jqj�2(sinhr)l( �1sinhr

d

dr
)l+1cosh(jqjr);

Nk0 �
r

2

�
jqj;

Nkl �
r

2

�
jqj[�l

n=1(n
2 + q2)]�1=2; (l > 0): (A:14)

These supercurvature modes go as exp[�(1� jqj)r]
at large r. With the volume element dV = sinh2r
sin �d�drd� the integral over all of space of a product
of any two of them diverges. The modes are therefore
not orthogonal let alone orthonormal. In a �nite region
of space they are not linearly independent of the sub-
curvature eigenfunctions. None of this matters for the
purpose of generating a Gaussian perturbation. The
supercurvature modes add to the expansion (A.7), an
additional:

fSC (r; �; �; t) =

=

Z 1

0
d(iq)

X
lm

fklm(t)Zklm(r; �; �): (A:15)

From this, the supercurvature contribution to the
correlation function is seen to be [39]:

�SCf (r) =

Z 1

0

dk

k
Pf (k)

sinh(jqjr)
jqjsinhr : (A:16)

Consider a supercurvature mode corresponding to a
peak at k � 1=3 or q = 2

p
2i=3 in units of curvature

scale. For such a mode, the correlation function is sup-
pressed by a factor sinh(jqjr)=(jqjsinhr) � 2=3. This is
a suppression by a factor of the order unity and can be
compensated by an appropriate initial power spectrum.

The spectrum of initial uctuations can be charac-
terized by a power law j�kj2 = V Akn where n is a
spectral index and A is the amplitude at very early
epochs. The values of these parameters should emerge
from the physical model which describes the the pro-
duction of the initial spectrum. In the absence of any
reliable theoretical prediction for A and n , it is best to
treat them as free parameters which can be determined
by comparison with observations.
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After making a thorough investigation on the debate between Einstein and Levi-Civita at 1917-1918 and on the
Einstein 0s doubt, the conservation laws of Lorentz and Levi-Civita is rea�rmed. Some new speci�c properties of
gravitational �eld or gravitational wave are deduced from these laws. These new speci�c properties are distinct from
the prevalent views, for example: the gravitational �eld is possessed of only zero or negative energy density; the
deection and the delay of echo pulses for gravitational waves acted by external gravitational �eld in vacuum do
not exist; the background gravitational waves are not similar to the radiations of black-body in spectrum type; the
gravitational bremsstrahlung with positive energy is not existent; etc. These speci�c properties are expounded in detail
and by using these speci�c properties some experiments or observations to test the conservation laws of Lorentz and
Levi-Civita are o�ered.
PACS number: 04.20.Cv , 04.30.-w , 04.80.-y

1. Introduction

The conservation laws of Lorentz and Leve-Civita are
one kind of conservation laws of energy-momentum ten-
sor density for gravitational system including matter
�elds and gravitational �eld. The main contents of
these laws are represented by the following two rela-
tions:

T
�

(M)�(x) + T
�

(G)�(x) = 0; (1)

@

@x�
(T

�

(M)�(x) + T
�

(G)�(x)) = 0; (2)

which are deduced successively and advocated vigorous-
ly by Lorentz and Levi-Civita in 1916{1917 [1]. They
de�ne the energy-momentum tensor density for gravi-

tational �eld by T
�

(G)�(x)
def
= 2 �WG

�g��
g�� .This de�nition

is similar to the de�nition of energy-momentum tensor

density for matter �eld: T
�

(M)�(x)
def
= 2 �WM

�g��
g�� . In the

above de�nitions, WM =
R
LM (x)d4x; �WM =R

�WM
�g��

�g��;WG =
R
LG(x)d4x; �WG =

R
�WG
�g��

�g��;

L(x) = LM (x) + LG(x) is the Lagrangian density of
whole system; LM (x)and LG(x) are the matter �eld
part and the pure gravitational �eld part of L(x) re-

spectively. In general relativity, T
�

(G)�(x) =
c4

8�G

p�g
(R

�

�
� 1

2g
�

�
R); so according to Lorentz and Levi-Civita ;s

formulation, the Einstein �eld equations

p�g(R�

�
� 1

2
g
�

�
R) = �8�G

c4
T
�

(M)� (3)
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are interpreted as both �eld equations and conservation
laws. Some people think that T

�

(G)� is a pure geometric
quantity and it can not be used as the de�nition of
energy-momentumtensor density for gravitational �eld.
This view might be incorrect; because the metric tensor
g�� is both geometric quantity and dynamic quantity

in the theory of gravitation, so T
�

(G)� does be also.
Previously, Einstein had proposed another conser-

vation laws for gravitational system in 1914 [1, 2]:

@

@x�
(T

�

(M)�(x) + t
�

(G)�(x)) = 0; (4)

t
�

(G)�(x) is a pseudo tensor density, which is used to rep-
resent the energy-momentum tensor density for gravi-
tational �eld by Einstein. Eq. (4) can be derived from
the local translation symmetry of the gravitational sys-
tem [3, 4]. There exist the relations [4]

t
�

(G)�(x) = 2
�WG

�g��
g�� � @

@x�
v��(G)� ;

@

@x�
v��(G)� = �

@

@x�
v��(G)� ; (5)

where v��(G)� is determined by the Lagrangian density
LG . It should be reminded that many quantities could
be taken as t

�

(G)� to satisfy Eq.(4); for if t
0�

(G)� satis�es

Eq.(4), then t
00�

(G)� also satis�es Eq.(4), provided that

there exist the relations: t
00�

(G)� � t
0�

(G)� =@�u
��

�
, and

@�u
��

�
= �@�u

��

�
. ( @� =

@
@x�

)

T
�

(G)� and Eq.(2) has marked advantages as com-

pared with t
�

(G)� and Eq. (4): T
�

(G)� is similar to T
�

(M)�
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in de�nition, but t
�

(G)� is at odds with T
�

(M)� ; only one

quantity can be taken as T
�

(G)� to satisfy Eq.(1) and

Eq.(2), but many quantities can be taken as t
�

(G)� to

satisfy Eq.(4); and as it is emphasized by Levi-Civita,
the more important di�erence is that T

�

(G)� and Eq.(2)

have, but t
�

(G)� and Eq.(4) \lack the invariant character

it should have in the spirit of general relativity" [1, 5].
Owing this criticism an important debate was evoked
about the de�nitions of energy-momentum tensor den-
sity for gravitational �eld and the related conservation
laws in 1917{1918, Einstein is on the one side of that
debate, his opponents are Levi-Civita and others [1].
This debate had not reached unanimity; because Ein-
stein had raised the doubt of rationality about Eq.(1)
(for detail, see section 2), but Levi-Civita and others
could not reply Einstein's doubt with plenty reasons; in
addition, due to Einstein enjoyed great prestige among
academic circles and many scholars followed him; there-
fore the propositions of Einstein became gradually the
prevalent views now in the gravitational theory.

In the last few years, the author have engaged in
studies on the energy-momentum tensor densities and
the conservation laws for gravitational systems [4, 6],
and have found that the doubt raised by Einstein in
the debate of 1917{1918 is not di�cult to clarify. It
is also found that the conservation laws of Lorentz and
Levi-Civita not only are rational perfectly but also have
abundant physical contents. Some deductions of these
laws are di�erent very much from the prevalent views;
these di�erences can be tested by some experiments or
observations. These tests are conducive to understand
deeply the speci�c properties of gravitational �eld; they
are worth to research farther.

This article is con�ned to study the general rel-
ativity, the �eld variables are still the metric tensor
g�� and the �eld equations are still the equations of Ein-
stein. Moreover, the connection

��
��

	
,the Lagrangian

density LM (x)or LG(x),and the de�nition of energy-
momentum tensor density for matter �eld: T

�

(M)� all
are not altered. We only change the de�nition of
energy-momentumtensor density for gravitational �eld,
therefore, except the relations and conclusions associ-
ated with the energy-momentum tensor densities for
gravitational �eld, the other relations and conclusions
in general relativity remain unchanged. For example,
the singularity theorems and Robertson-Walker met-
rics of the Universe are still tenable in our theory. But
the di�erent de�nitions of energy-momentum tensor
density for gravitational �eld might change the prop-
erties of gravitational wave and change the contents of
the cosmology. The inuences by the conservation law
of Lorentz and Levi-Civita on the cosmology require
to study specially, the inuences on the properties of
gravitational wave are studied in this paper.

In order to understand thoroughly the conservation
law of Lorentz and Levi-Civita, let us recount the doubt

of Einstein �rstly.

2. Einstein's doubt and the rational
clari�cation for it.

Although Einstein acknowledged that there is no logical

objection against the de�nition T
�

(G)�(x)
def
= 2 �WG

�g��
g��

and one is not entitled to de�ne a priori t
�

(G)� as a quan-
tity representing the energy-momentum tensor density
for gravitational �eld [1], but Einstein said that Eg.(1)
\does not exclude the possibility that a material system
disappears completely, leaving no trace of its existence.
In fact the total energy is zero (as shown in Eq.(1) )
from the beginning; the conservation of this value of
the energy does not guarantee the persistence of the
system in any form" [1]. So he doubted the rationality
of Eg.(1), this is just the so-called Einstein's doubt. Be-
cause it is recognized generally that a material system
does not disappear completely in physics, so Einstein
opposed to choose T

�

(G)� as the energy-momentum ten-
sor density for gravitation �eld, thus the conservation
laws of Lorentz and Levi-Civita was led up to refusal
among many physical scholars.

Will a material system be caused inevitably to dis-
appear completely by Eq.(1)? To clarify this ques-
tion is crucially important to rea�rm the conserva-
tion laws of Lorentz and Levi-Civita. We must point
out that, merely using the conservation law of energy-
momentum, it is impossible to determine whether a
physical change would happen. The physical changes
of a real system must yet obey many other laws. For
example, the physical changes of a charged system (in-
cluding gravitational �eld) must obey also the conser-
vation law of electric charge, i.e. it will continue to
preserve the total electric charge unchangeably. If the
total electric charge does not equal zero, we may reason-
ably conclude that this system is de�nitely not possible
to disappear completely.

Another example is concerned in entropy. Suppose
a certain macroscopic state of a gravitational system
(including matter and gravitational �eld) has N micro-
scopic states. According to statistical mechanics the
entropy of the system in this macroscopic state must
obey the Boltzmann's relation S = k lnN [7]. Gener-
ally N >> 1; thus S > 0 usually. If the above sys-
tem could disappear completely, then in the disappear-
ing process N will decrease to N =1 gradually; at here
we look upon the complete disappearance as a special
state. There is no di�erence in the meaning between
macroscopic state and microscopic state for the com-
plete disappearance, so N=1. Therefore in the com-
plete disappearance process of this system, its entropy
should decrease to S = 0 from S > 0, this is con-
trary to the theorem of entropy increase, consequently
a gravitational system can not \disappear completely,



The Restudy on the Debate between Einstein and Levi-Civita and The Experimental Tests 163

leaving no trace of its existence." It should emphasize
that T

�

(M)�(x) + T
�

(G)�(x) = 0 do not necessarily give

T
�

(M)� = 0 and T
�

(G)� = 0 at the ending of changes, it

only implies �T
�

(G)�(x) = ��T�(M)�(x). Since Eg.(1)
does not lead to \that a material system disappears
completely" in reality, thus Einstein's argument to de-
ny the conservation laws of Loventz and Levi-Civita is
untenable.

It is easy to see that Eg.(2) is covariant owing to

D�

�
T
�

(M)�(x) + T
�

(G)�(x)
�
= @

@x�

�
T
�

(M)�(x) + T
�

(G)�(x)
�

= 0 (D� is the symbol of covariant derivative), but

Eg.(4) is not covariant; moreover, T
�

(G)� is tensor den-

sity but t
�

(G)� is not. ConsequentlyT
�

(G)� and Eg.(2)are
more in line with the spirit of general relativity and
they are superior to t

�

(G)� and Eq.(4) theoretically.

On the other hand, T
�

(G)� and Eg.(2) can be looked

upon as the special case of t
�

(G)� and Eg.(4) respec-

tively; for if t
0�

(G)� satisfy Eg.(4) and Eq. (5), when

we choose u��
�

such that t
00�

(G)�� t
0�

(G)� = @�u
��
�

=

�@�u��� , and @
@x�

�
v
��

(G)� + u��
�

�
= 0 then from Eg.(5)

we get t
00�

(G)� = 2 �WG
�g��

g�� = T
�

(G)� and

@
@x�

�
T
�

(M)�(x) + t
00�

(G)�(x)
�
= @

@x�
(T

�

(M)�(x)+T
�

(G)�) =

0. So, if t
�

(G)� and Eg.(4) are rational and correct, there
is no reason to deny the rationality and the correctness
of T

�

(G)� and Eg.(2).

Therefore the author hold that in order to study the
gravitational �eld deeply and explore it from all sides,
it is necessary to rea�rm and to restudy the de�nition
of T

�

(G)� and the conservation laws of Lorenz and Levi-
Civita.

The energy density obtained from t
�

(G)� may be pos-
itive or negative in theory, but only positive values are
taken for this energy density according to the prevalent
view; since it is believed that the gravitational �eld is
similar to the electromagnetic �eld, the energy density
of the electromagnetic �eld is always positive, so some
physicists consider that the energy density of the grav-
itational �eld is positive also. On the other hand, the
energy density obtained from T

�

(G)� must be negative
in theory, this is because that the energy density of a
matter �eld is always positive, then owing Eq.(1) the
energy density of gravitational �eld must be negative.
Besides, according to the classical idea of general rela-
tivity, in vacuum T

�

(M)�(x) = 0, therefore T
�

(G)�(x) = 0
also in there. Thus the energy density associated with
T
�

(G)� is zero in vacuum and negative in non-vacuum;

but the energy density associated with t
�

(G)� is sup-
posed to be positive always in both of vacuum and non-
vacuum, provided there exist gravitational �eld. This
di�erence has important physical deductions for grav-
itational waves; we shall give a detailed discussion in
next section.

People might ask the following question: if the en-
ergy density of gravitational �eld is negative and the
energy density of matter �eld is positive, then the grav-
itational system would go on the self-accelerating mo-
tion [8]; this motion is so preposterous, can you rule
it out? The reply is that the above self-accelerating
motion does not exist, because that

(1), a self-accelerating system must be composed
of two particles with equal and opposite mass which
are separated by a distance [8], but Eq. (1) means
that the energy density of gravitational �eld is equal
and opposite to the energy density of matter �eld at
every points, so these two �elds are not separated by a
distance;

(2), the theoretical foundation of self-accelerating
motion is established on Newton's theory of gravita-
tion which suppose that any one mass can gravitate any
other mass always; but in the general relativity the sit-
uation is di�erent, people always interpret the Einstein
�eld equations Eq.(3) as that the energy-momentum
tensor density of matter �eld T

�

(M)�(x) is the source of

gravitational force (or gravitational �eld), however it is
quite evident from Eq.(3) that the energy momentum
tensor density of gravitational �eld T

�

(G)�(x) should not
be considered as the source of gravitational �eld.

The reasons cited by (2) may be explained more
clearly by using the following formulas:

dp
�

M

d�
+
n
�

��

o
p
�

M

dx
�

d�
= 0; (6)

dp
�

G

d�
+
n
�

��

o
p
�

G
dx

�

d�
= 0; (7)

where

p
�

M
def
=

1

c

Z
v
T
�0
(M)(x)dv (T��(M) = g��T

�

(M)�)

p
�

G
def
=

1

c

Z
v
T
�0
(G)(x)dv (T��(G) = g��T

�

(G)�)

are the de�nitions of 4-momentum for the matter �eld
and the gravitational �eld respectively in the volume
v . Eq. (6) and Eq. (7) can be derived according to the
Papapetrou's method [9] in single-pole approximation
from the covariant conservation laws T��(M);� = 0 and

T
��
(G);� = 0. Owing Eq. (1) it is evident that p

�

M (x) +

p
�

G(x) = 0. In Eq. (6) and Eq. (7),
��
��

	
p
�

M
dx

�

d� and��
��

	
p
�

G
dx

�

d� represent the four dimensional gravitation-
al forces acting on the matter �eld and the gravitational
�eld in the volume v respectively. The source of these
gravitational forces is only the energy-momentum ten-
sor density of matter �eld in the whole system, since��
��

	
are calculated from g�� , which are determined

by T
�
(M)� . Eq. (6) and Eq. (7) tell us that the ma-

terial of matter �eld in a volume is gravitated by the
material of matter �eld in other volume, and the mate-
rial of gravitational �eld is gravitated by the material
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of matter �eld, but the material of matter �eld is not
gravitated by the material of gravitational �eld; at here
\A is gravitated by B" means that B is the source (or
part of the source) of gravitational force acting on A.
These properties and the reason cited by (1) can assure
that the above self-accelerating motion does not exist.

3. Two theories for gravitational
waves

In this section we shall discuss two theories for gravi-
tational waves, the one is the theory of Einstein which
use the conservation laws of Einstein as the foundation,
and the other is the theory of Lorentz and Levi-Civita
which use the conservation laws of Lorentz and Levi-
Civita as the foundation.

In the theory of Einstein for gravitational waves, ow-
ing it is supposed that the energy density of the grav-
itational �eld is always positive, so the gravitational
wave will carry positive energy in its propagation as
the electromagnetic wave does.

But in the theory of Lorentz and Levi-Civita, the
gravitational wave will carry only negative energy or
zero energy in its propagation; we shall explain this
conclusion with the relations:

� @

@t

Z
v
(T0

(M)0(x) + T
0
(G)0(x))dv =

= c

I
S
(Ti(M)0(x) + T

i
(G)0(x))dSi = 0; (8)

which can be derived from Eq. (2) after using Eq.(1).
This formula indicates that the total energy owing out
from (or into) the volume v is identically equal to ze-
ro, no matter whether the surface S is located wholly
in vacuum or not. Two cases will be discussed in the
following:

(1), The surface S is located wholly in vacuum.
At the surface S, Ti(M)0(x) = 0, therefore Ti(G)0(x) =

0 from Eq.(1); consequently there is alwaysH
S Ti(G)0(x)dSi = 0. It indicates that no gravita-
tional energy ows across the surface S even though
there exists gravitational wave. This result means that
the gravitational wave does not carry energy whenever
it propagates through vacuum. When the gravitational
wave arrives, the metric tensor g��(x) and the Ricci
curvature tensor R

�

�
(x) should take place change even

in vacuum, for example, at a certain point f xi g in
the three dimension space, the metric tensor changes
from g�� (xi; t) to g

0

��(x
i; t

0

) and the Ricci curvature

tensor changes from R
�

�
(xi; t) to R

0�

�
(xi; t

0

). Why does
not the gravitational wave carry energy in vacuum?

This is because that there are R
�

�
� 1

2g
�

�
R = 0 and

R
0�

�
� 1

2g
0�

�
R

0

= 0 always in vacuum, so the energy-
momentum tensor density of gravitational �eld retains
the zero value persistently.

(2), Part of the surface S is not located in vacuum
but there is energy ux (or particle ux) of matter �eld
across the surface

In these case
H
S Ti(G)0(x)dSi = �

H
S Ti(M)0(x)dSi 6=

0, it indicates that the gravitational wave does carry
negative energy (because the energy of matter �eld is
positive always) in its propagation.

The above di�erent results about the energy carried
by gravitational wave can be tested by experiments and
observations; we shall give a detailed discussion in sec-
tion 5.

It is well known that the quantum theory of electro-
magnetic �eld has been well established; the quantum
of electromagnetic �eld is called photon. The four di-
mensional momentum of photon satis�es the relation

p
�

= ~k
�

; (9)

k
�
is the four dimensional wave vector. This relation

can be derived from the theory of quantum �eld
[10]

.
The propagation of electromagnetic wave can be inter-
preted as the propagation of a bundle of real photons
and each photon carries positive energy " = cp0 = ~! =
h� , where � is the frequency of wave.

The theory of Einstein considers that gravitational
�eld and gravitational wave are similar to electromag-
netic �eld and electromagnetic wave on many sides; cor-
responding to the photon, the graviton is considered to
be the quantum of gravitational �eld, and satis�es Eq.
(9) also. The propagation of gravitational wave can be
also interpreted as the propagation of a bundle of re-
al gravitons and every graviton carries positive energy
" = h� [11]. But on account of a complete and consis-
tent quantum theory of gravitational �eld has not been
constructed yet till now, these similarities and the rela-
tion Eq. (9) for gravitational �eld are merely supposi-
tions. The above suppositions perhaps could be consis-
tent with the theory of Einstein for gravitational wave
without leading obvious trouble, but they cannot be
consistent with the theory of Lorentz and Levi-Civita
and shall lead theoretical contradictions. As having
explained before, in the latter theory the gravitation-
al wave carries negative or zero energy in its propaga-
tion, this means that if graviton exists, its energy must
be negative or zero, these conclusions is not �t to Eq.
(9) which means � and " = h� are always positive.
Besides, � 6=0 for gravitational wave even in vacuum.
Thus if there exist graviton, before the perfect quan-
tum theory of gravitational �eld being constructed, we
can only a�rm that its energy must be negative or zero
in the theory of Lorentz and Levi-Civita. Moreover, in
this theory there is no gravitational force existed be-
tween any two gravitons because that T

�

(G)�(x) do not
be the source of gravitational force. We shall use these
properties of graviton in section 5.

The observation of the orbital period decay rate for
the binary pulsar PSR1913+16 has been widely inter-
preted as the veri�cation for energy radiation of grav-
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itational wave [12], and this veri�cation is regarded as
the a�rmation to the theory of Einstein for gravita-
tional wave. The theoretical basis of this veri�cation
is

� @

@t

Z
v
(T0

(M)0(x) + t0(G)0(x))dv =

= c

I
S
(Ti(M)0(x) + ti(G)0(x))dSi; (10)

which is derived from Eq. (4). The energy den-
sity of PSR1913+16 can be divided into two parts:
T0
(M)0(x) = obitT0

(M)0(x) + othT0
(M)0(x); obitT

0
(M)0(x)

is the density of the orbital energy which includes the
kinetic energy and gravitational potential energy (see
section 4), othT0

(M)0(x) is the density of the other en-
ergy for the matter.

If the surface S surrounded the volume v is located
in vacuum and the sum of

R
v othT0

(M)0(x)dv and
R
v

to(G)0(x)dv can be neglected, then Eq. (10) is reduced
to

� @

@t

Z
v
obitT0

(M)0dv = c

I
S
ti(G)0dv; (11)

which is interpreted that the radiation energy of grav-
itational wave is transformed from the decreasing or-
bital energy of PSR1913+16. The orbital period decay
rate can be calculated by using Eq. (11), the coinci-
dence between the calculation and the observation for
orbital period decay rate is looked upon as the above
veri�cation. Because Eq. (11) is only an approximate
relation and the coincidence between the calculation
and the observation is bad for the another binary pul-
sar PSR1534+12, so it makes us doubt. On the other
hand, the orbital energy decrease of PSR1913+16 can
be also explained with the theory of Lorentz and Levi-
Civita. From Eq. (1) we can get

��obitT0
(M)0(x) = �othT0

(M)0(x) + �T0
(G)0(x) (12)

Eq. (12) might be interpreted as while the or-
bital energy decrease the other matter energy and the
pure gravitational �eld energy increase corresponding-
ly. Moreover, there exists the relation Eq. (5), the
orbital period decay rate calculated by using Eq. (8) is
equivalent to that calculated by using Eq. (10). There-
fore the author believes that the theory of Einstein for
gravitational wave is not yet a�rmed [13].

4. The energy transformations in the
mechanical resonant antennas for
detecting gravitational waves

The methods used to probe gravitational waves in the
theory of Lorentz and Levi-Civita are just the same as
that in the theory of Einstein, the mechanical resonant

antennas and the laser interferometers all can be used
for detection. This is because that the basic principle
of these methods are all founded on the equation of
geodesic deviation, but this equation has no relations
with how energy-momentum tensor density is de�ned
and whether gravitational wave carries energy and what
sign of this energy is.

Peoples might ask that if the gravitational wave does
carry negative energy or no energy, then what is the
originate of the positive vibration energy in the me-
chanical resonant antennas after receiving gravitational
wave? Before replying this question we shall ask anoth-
er question: when the mechanical resonant antenna re-
ceives gravitational wave, whether or not its vibration
energy would be transferred wholly from the wave? We
shall give a minute analysis in the following.

Weber had used a simpli�ed model to deduce the
four dimensional equations of motion [14] for an arbi-
trary small part with mass m in the mechanical reso-
nant antenna:

m
d2x

�

ds2
+m

n
�

��

o dx�
ds

dx
�

ds
=
F
�

c2
: (13)

In Eq. (13) the right hand represents the four dimen-
sional forces exerted on m by the other parts of the
antenna, the left hand can be obtained by the variation
of the action I = mc

R
ds[15] . It is well known in the

theories of gravitation that the total action WT can be
decomposed into two parts: WT = WM +WG , WM is
called the part of matter �eld and WG is called the part
of pure gravitational �eld, the interaction between mat-

ter �eld and gravitational �eld is included in W
[16]
M . In

general relativity, the action of pure gravitational �eld

is always taken to be WG = c4

4�G

R p�gRd4x , the
action I belongs to WM . The gravitational potential
energy with m being connected with the second item of
left hand in Eq. (13) and being decided by I, it should
be included in the energy of matter �eld accordingly.

When gravitational wave reaches, the energy of the
pure gravitational �eld in antenna will change along
with the change of the metric tensor g��(x) of gravi-
tational �eld. At the same time, owing to Eq. (1) or
Eq. (2) the energy of the matter �eld must also change.
The energy of matter �eld includes the gravitational po-
tential energy, the vibration energy of the antenna, the
thermal motion energy of the molecules in the antenna,
etc. In the following we shall use (1),(2), (3)... as the
top symbols to represent successively the gravitational
potential energy, the vibration energy of the antenna,
the thermal motion energy of the molecules in the an-
tenna, etc. Now let us conduct a detailed discussion
according the laws of Lorentz and Levi-Civita and the
laws of Einstein respectively.

In the theory of Lorentz and Levi-Civita for gravi-

tational wave, the following relation: �
(1)

T0
(M)0 (x) +
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�
(2)

T0
(M)0 (x) + �

(3)

T0
(M)0 (x) + ::: + �T0

(G)0(x) =

0 can be obtained from Eq. (1), where �T0
0(x) =

�T0
0(x

i; t) = T0
0(x

i; t+�t)�T0
0(x

i; t)represents the in-
crement of energy density at 3-dimensional space point
fx ig in time interval �t. From the above relation we
get

�
(2)

T
0
(M)0 (x) + �

(3)

T
0
(M)0 (x) =

= �
 
�

(1)

T
0
(M)0 (x) + �T0

(G)0(x) + :::

!
: (14)

Although the gravitational wave carries negative ener-

gy or no energy, Eq. (14) indicates that �
(2)

T
0
(M)0 (x)+

�
(3)

T0
(M)0 (x)might have positive value if 

�
(1)

T0
(M)0 (x) + �T0

(G)0(x) + :::

!
is decreased. This

analysis shows the possibility that the vibration (and
the thermal motion) energy might be transformed from
the gravitational potential energy and the energy of
pure gravitational �eld inside the antenna. The cause
of this possibility is that when gravitational wave ar-
rives, through the change of g�� (x) and the inuences
of Einstein �eld equations and other physics laws, a se-
ries of energy changes shall happen inside the antenna.

In the theory of Einstein for gravitational wave,
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obtained from Eq. (4); after some calculations we get
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ti(G)0(x)dSi

�
: (15)

In Eq. (15), �t = t
0� t represents the time interval

to receive gravitational wave, the other � represent the
symbol of increments for some integrals in �t ; we have
supposed that there is vacuum outside the antenna and
the surface S in Eq. (15) is wholly located at vacuum.
Eq. (15) indicates that the increments of the vibra-
tion energy and the molecules thermal motion energy
are not only transferred from the gravitational wave,
but also transformed from the gravitational potential
energy and the energy of the pure gravitational �eld
inside the antenna, etc. Therefore, even in the theo-
ry of Einstein, the increments of the vibration energy
and the molecules thermal motion energy for the anten-
na do not be transferred wholly from the gravitational

wave. If T0
(G)0(x), t

0
(G)0(x) and

H
S t

i
(G)0(x) could be

detected directly and independently, it is possible to
determine which theory for gravitational wave is more
correct through the comparison between Eq. (14) and
Eq. (15). However there are not direct detections and
comparisons yet now. The experimental tests and the
comparisons between the theory of Einstein and the
theory of Lorentz and Levi-Civita are via some indirect
methods, which will be discussed in next section.

5. Experimental tests

Using the speci�c properties originated from di�erent
signs of energy carried with gravitational wave in the
theory of Einstein and the theory of Lorentz and Levi-
Civita, it is possible to design observations and exper-
iments to test the above two theory and to determine
which is correct. In this section we shall discuss

5.1. Observation of deection and delay of
echo pulses for gravitational waves acted
by outer gravitational �eld in vacuum

The observation of deection for light and delay of echo
pulses for radar in gravitational �eld had played an im-
portant role for the experimental test of general relativ-
ity [11]. The formula of calculation for these two phe-

nomena is d2x
�

d�2 +
��
��

	
dx

�

d�
dx

�

d� = 0, which is deduced

from Eq. (6) by using the relation p
�

(M) =
h�
c2

dx
�

d� . Eq.

(6) stems from the change of momentumwhen the pho-
ton is acted by gravitational force. It should point out
that the deection and the delay of echo pulses which
can be observed for light waves occur always in vacuum,
hence for comparison, we shall discuss these phenomena
for gravitational wave in vacuum also.

If the momentum of graviton (or gravitational wave
packet) changes also when it is acted by external grav-
itational �eld, then deection and delay of echo pulses
should also exist for gravitational wave. However, in
the theory of Lorentz and Levi-Civita for gravitational
wave, the four dimensional momentum P

�

G of graviton
( or gravitational wave packet ) in vacuum is always
equal to zero and does not change even it is acted by
external gravitational �eld, therefore, for gravitational
wave, the deection and the delay of echo pulses shall
not be observed in vacuum.

Some methods might be designed to observe the
above two phenomena for gravitational waves acted by
outer gravitational �eld (for example, gravitational �eld
of the sun or other star) in vacuum. If it is determined
that these two phenomena do not exist, then it would
mean the theory of Lorentz and Levi-Civita might be
correct; if these two phenomena do exist then it would
mean the theory of Einstein might be correct.
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5.2. The tests for excitations of atom or
molecule acted by gravitational wave

It is well known that photon can excite atomor molecule.
If graviton carries with positive energy, it will excite
atom or molecule also; but if graviton carries with neg-
ative energy or no energy, it does not excite atom or
molecule. This is because that to excite a body means
that some energy in positive value has been transferred
to this body and its energy state is raised. Therefore,
in the theory of Einstein, the excitation of atom of
molecule might exist; but in the theory of Lorentz and
Levi-Civita, this phenomenon does not exist.

But on the other hand, in the theory of Lorentz
and Levi-Civita, when a bundle of gravitons propagate,
owing Eq. (1) some matter particles shall propagate to-
gether with the graviton along the same direction and
carry positive energy. Atoms or molecules could be ex-
cited by these companying matter particles. Howev-
er this excitation is still di�erent from the excitation
caused by photon. The excitation caused by photon is
related to the frequency of electromagnetic wave owing
to the quantum relation "=h� . But in the theory of
Lorentz and Levi-Civita,the excitation caused by the
companying matter particles have no relation with the
frequency of gravitational wave; since the frequency of
gravitational wave is independently determined by the
change rate of the metric tensor g��(x) at the location
of wave packet and does not relate to the energy carried
with graviton or companying matter particle.

Therefore if we design some experiments to observe
the states of atoms or molecules excited by gravitational
wave, after analyzing the results it could be determined
which of the above two theories for gravitational wave
is more correct.

5.3. The comparison between the spectrum
type of background gravitational waves
and the spectrum type of black body
radiations

According to the prevalent view it is believed that there
exists background gravitational waves [17], which are
similar to the cosmic micro waves background radia-
tion and have also the spectrum type of black body
radiations.

The similarity between the spectrum type of back-
ground gravitational waves and the spectrum type of
black body radiations requires that the graviton have
a positive quantum energy and it might exchange this
quantum energy with matter particles. As being ex-
plained before, the theory of Einstein for gravitational
wave satis�es this demand, but the theory of Lorentz
and Levi-Civita is sharply contradictory with this de-
mand. Hence the former theory a�rms that the back-
ground gravitational waves have the spectrum type of
black body radiation, but the latter theory does not.

Consequently through probing the background grav-
itational waves left over from the early epochs of our
universe and observing its spectrum type; it might pro-
vide an experimental test to decide which is the correct
theory for gravitational wave.

5.4. Probing gravitational bremsstrahlung of
the sun

It is well known that photons can be produced by
collisions between material particles; for example, the
metal target may radiate x-ray photons as the nu-
cleus of the metal target come into collision with a
bundle of electrons projected at the target. (Actu-
ally, the so-called \collision" is the phenomenon of
energy-momentum change owing to the Coulomb force
acting between electron and nucleus) This radiation is
called bremsstrahlung. The energy of bremsstrahlung
is transformed from the decreasing energy at collisions
between particles.

According to the prevalent view, it is believed that
there also exist gravitational bremsstrahlung which is
similar to light bremsstrahlung, i.e. besides photon,
graviton with positive energy can be also produced by
collisions between material particles. The microscop-
ic particles in the sun impact each other unceasing-
ly owing their thermal motion, hence the sun should
have gravitational bremsstrahlung [18]. The emis-
sion power of gravitational bremsstrahlung from the
sun has been calculated to be about 6�1014 erg/sec|
5�1015erg/sec [18] according to the theory of Einstein
for gravitational wave; these values are greatly exceed-
ing the sun's gravitational radiations aroused by other
causes. The energy uxes at the surface of the earth
from the sun's gravitational bremsstrahlung are about
2�10�13erg/cm2 sec|1.7�10�12erg/cm2 sec. These
energy uxes approximately correspond to those ener-
gy uxes at the surface of the earth transmitted from
the gravitational waves, which are estimated to take
place in the compact binaries of Virgo cluster or Vela
pulsar. To probe the gravitational waves from these
stars are the striving direction of some gravitational
wave observatories whose detectors are being tried to
improve sensitivities.

According to the theory of Lorentz and Levi-Civita
for gravitational wave, the existence of gravitational
bremsstrahlung composed of graviton with positive en-
ergy is not possible. Though there could produce gravi-
tons (or gravitational waves) when material particles
impact each other, but these gravitons carry negative
energy; and owing Eq. (1) they are the companions of
the bremsstrahlung photons produced in the collisions
of material particles. Hence in the theory of Lorentz
and Levi-Civita, the gravitational bremsstrahlung of
the sun described above does not exist. This di�erence
provides another experimental test.

The gravitational wave is not observed yet. If grav-
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itational wave could be observed and could be emit-
ted arti�cially, besides if the detectors are improved
to have su�cient sensitivities, the above experimental
tests are not too di�cult to realize. They will deter-
mine which is the correct theory for gravitational wave;
they will also judge which is the correct de�nition of
energy-momentum tensor density for gravitational �eld
and which is the correct formulation of conservation
laws for gravitational system. What are the results?
We shall wait and see.
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A conformally at spherically symmetric cosmological models representing a charged perfect uid as well as a bulk
viscous uid distribution have been obtained. The cosmological constant � is found positive and is decreasing function
of time which is consistent with the recent supernovae observations. The physical and geometrical properties of the
models are also discussed.

1. Introduction

A considerable interest has been shown to the study of
physical properties of spacetimes which are conformal
to certain well known gravitational �elds. The general
theory of relativity is believed by a number of unknown
functions - the ten components of gij . Hence there
is a little hope of �nding physically interesting results
without making reduction in their number. In confor-
mally at spacetime the number of unknown functions
is reduced to one. The conformally at metrices are
of particular interest in view of their degeneracy in the
contex of Petrov classi�cation. A number of conformal-
ly at physically signi�cant spacetimes are known like
Schwarzschild interior solution and Lemâitre cosmolog-
ical universe.

At the present state of evolution, the universe is
spherically symmetric and the matter distribution in
it is isotropic and homogeneous. Buchdahl [1] has ob-
tained the conformal atness of the Schwarzschild inte-
rior solution. Singh and Roy [2] have discussed the
possibility of existence of electromagnetic �elds con-
formal to some empty spacetime. Singh and Abdus-
sattar [3] have obtained a non-static generalization of
Schwarzschild interior solution which is conformal to
at spacetime. Roy and Bali [4] have obtained the solu-
tion of Einstein's �eld equations representing non-static
spherically symmetric perfect uid distribution which
is conformally at. Pandey and Tiwari [5] have dis-
cussed conformally at spherically symmetric charged
perfect uid distribution. Reddy [6] and Rao and Red-
dy [7] discussed static conformally at solutions in the

1e-mail: acpradhan@yahoo.com, pradhan@iucaa.ernet.in

Brans-Dicke and Nordtvedt-Barker scalar-tensor theo-
ries. Shanthi [8] has shown that the most general con-
formally at static vacuum solution in the Nordtvedt-
Barker scalar-tensor theory is simply the empty at
spacetime of general relativity. There has been a recent
literature (Melfo and Rago [9], Mannhelm [10], Yadav
and Prasad [11], Endean [12,13], Obukhov et al. [14],
Mark and Harko [15]) which shows a signi�cant interest
in the study of conformally at spacetime.

Most cosmologicalmodels assume that the matter in
the universe can be described by `dust'(a pressureless
distribution) or at best a perfect uid. Nevertheless,
there is good reason to believe that - at least at the ear-
ly stages of the universe - viscous e�ects do play a role
[17]-[19]. For example, the existence of the bulk viscos-
ity is equivalent to slow process of restoring equilibrium
states [20]. The observed physical phenomena such as
the large entropy per baryon and remarkable degree
of isotropy of the cosmic microwave background radia-
tion suggest analysis of dissipative e�ects in cosmology.
Bulk viscosity is associated with the GUT phase transi-
tion and string creation. Thus, we should consider the
presence of a material distribution other than a perfect
uid to have realistic cosmological models (see Gr�n
[32]) for a review on cosmological models with bulk vis-
cosity). The e�ect of bulk viscosity on the cosmological
evolution has been investigated by a number of authors
in the framework of general theory of relativity [21]-[31].

The purpose of this paper is to apply conformally
at spherically symmetric line element to charged per-
fect uid and to bulk viscous uid models in cosmology.
This paper is organized as follows. The �eld equations
are presented in Section 2. Section 3 includes the solu-
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tion of the �eld equations in presence of charged perfect
uid distribution. Section 3:1 contains some physical
properties of the model. Finally in Section 4 the bulk
viscous models are considered.

2. Field Equations

We consider the conformal metric in spherical polar co-
ordinates

ds2 = e�(dr2 + r2d�2 + r2sin2�d�2 � dt2); (1)

where � is a function of r and t . We number the
coordinates as x1 = r , x2 = � , x3 = � and x4 = t .

The energy momentum tensor for distribution of a
charged perfect uid has the form

Tij = (�+ p)vivj + pgij + Eij; (2)

where Eij is the electromagnetic �eld given by

Eij =
1

4�

�
FaiFbjg

ab � 1

2
gijFabF

ab

�
: (3)

Here � and p are the energy density and isotropic pres-
sure respectively and vi is the ow vector satisfying the
relation

gijv
ivj = �1: (4)

The electromagnetic �eld tensor Fij satis�es Maxwell's
equations

F ij
;j = 4��vi; (5)

F[ij;k] = 0; (6)

� being the current density. Here and henceforth a
comma and a semicolon denote ordinary and covariant
di�erentiation respectively. The Einstein �eld equa-
tions

Rij � 1

2
gijR+ �gij = �8�Tij ; (7)

for the line element (1) has been set up as

8�[(�+ p)v21 + pe�] =
3�21
4

+
2�1
r
� �44 � �24

4

+e��(F14)
2 + �e�; (8)

8�pe� = �11+
�21
4
+
�1
r
��44��

2
4

4
�e��(F14)2+�e�;(9)

8�[(�+ p)v24 � pe�] =
3�24
4
� �11 � �21

4
� 2�1

r

�e��(F14)2 � �e�; (10)

8�(�+ p)v1v4 =
�1�4
2

� �14: (11)

Equation (4) gives

v24 � v21 = e�: (12)

3. Solutions of the �eld equations

From eqs. (8) and (9) we have

8�[(�+ p)v21 ]� 2e��(F14)
2 =

�21
2
+
�1
r
� �11: (13)

Also eqs. (9) and (10) readily give

8�[(�+ p)v24 ] + 2e��(F14)
2 =

�24
2
� �1

r
� �44: (14)

Combining eqs. (12), (13) and (14) we obtain

8�[(�+ p)e�] + 4e��(F14)
2 =

�24
2
� �21

2
� 2�1

r

��44 + �11: (15)

Equations (9) and (15) together reduce to

8��e� + 3e��(F14)
2 =

3

4

�
�24 � �21 �

4�1
r

�
: (16)

In comoving coordinate system v1 = 0, then eq.
(13) reduces to

�e��(F14)2 = �21
4
+
�1
2r
� �11

2
: (17)

From eq.(11) we obtain

2�14 � �1�4 = 0: (18)

The general solution of (18) is obtained as

e� = [�(r) + �(t)]�2; (19)

where � and � are functions of r and t respectively.
Hence the geometry of the spacetime (1) reduces to

the form

ds2 =
1

(�+ �)2
�
dr2 + r2d�2 + r2sin2�d�2 � dt2

�
; (20)

which is the model for a distribution of charged perfect
uid with the ow vector in t-direction. The pressure
and density for the model (20) are given by

8�p�� = 3(�21��24 )+(�+�)
�
2�44 � �11 � 3�1

r

�
;(21)

8��+ � = 3(�24 � �21) + 3(�+ �)
�
�11 +

�1
r

�
: (22)

Let us assume that the uid obeys an equation of
state of the form

p = �; (23)

where (0 �  � 1) is constant. Using eq. (23) in eqs.
(21) and eq. (22), we get

� =
(�+ �)

8�(1 + )
(�44 + �11); (24)
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� = � (1 � )
(1 + )

(�+ �)(�44 + �11)� 3(�21 � �24)

+(�+ �)(�44 � 2�11): (25)

If we put � = 0 in our solution, we recover the
solution obtained by Pandey and Tiwari[5].
Particular cases:
Case (i):

If we consider �(t) = a
t2 ;�; a > 0, eqs. (24) and

(25) reduce to

� = k1�t
�4 + k1at

�6; (26)

� = k2�t
�4 + a(k2 + 12a)t�6; (27)

where k1 =
3a

4�(1+) ; k2 =
12a2
(1+) .

Case (ii):
If we consider �(t) = a

t ;�; a > 0, eqs. (24) and (25)
reduce to

� = �k3t
�3 + ak3t

�4; (28)

� = �k3t
�3 + a(3a+ k4)t

�4; (29)

where k3 = a
4�(1+) ; k4 = 2a

(1+) . It is observed from

eqs. (27) and (29) that the cosmological constant �,
in both cases, is a decaying function of time and it
approaches a small value as time progresses (i.e., the
present epoch), which explains the small value of � at
present. Additionally, � also comes out positive which
is consistent with the recent supernovae observations
(Perlmutter et al. [33], Riess et al. [34], Garnavich et
al. [35], Schmidt et al. [36]).

3.1. Physical properties of the model

The non-vanishing component of the ow vector, v4 is
given by

v4 =
1

(�+ �)
: (30)

The reality conditions (�+ p) > 0 and (�+ 3p) > 0
lead to

�44 + �11 +
�1
r
> 0; (31)

and

(�21 � �24 ) + (� + �)
�
�44 � �1

r

�
> 0: (32)

Using eq. (19) in eq. (17) gives

F14 =

�
�1
r � �11

� 1
2

(�+ �)
3
2

: (33)

From eqs. (5) and (33) the current density � is
given by

� = � (�+ �)3

r2
@

@r

2
4r2 ��1

r � �11
� 1
2

(�+ �)
3
2

3
5 : (34)

The non-vanishing component of the acceleration
vector

_v1 = vi;jv
j ; (35)

is given by

_v1 = � �1
(� + �)

: (36)

Thus the acceleration is always directed in radial
direction and the uid ow in t�direction is uniform.
If �1 < 0, acceleration is positive and if �1 > 0, there
will be deceleration.

The expression for kinematical parameter expansion
� is given by

� = 3�4: (37)

All components of rotation wij and shear �ij ten-
sors are found to be zero. We observe that the ex-
pansion is time-dependent only. Hence the model (20)
representing a distribution of charged perfect uid is ex-
panding with time but non-rotating and non-shearing.

4. Bulk viscous models

In this section bulk viscous models of the universe are
discussed. Weinberg [16] has suggested that in order
to consider the e�ect of bulk viscosity, the perfect uid
pressure should be replaced by e�ective pressure �p by

�p = p� ��; (38)

where p represent equilibrium pressure, � is the coef-
�cient of bulk viscosity and � is the expansion scalar.
Here � is, in general, a function of time. Therefore,
from eq. (21), we obtain

8�(p� ��) � � = 3(�21 � �24)

+(�+ �)

�
2�44 � �11 � 3�1

r

�
: (39)

Thus, given �(t) we can solve the cosmological pa-
rameters. In most of the investigations involving bulk
viscosity is assumed to be a simple power function of
the energy density [21]{[23].

�(t) = �0�
n; (40)

where �0 and n are constants. If n = 1, eq. (40) may
correspond to a radiative uid. However, more realistic
models [24] are based on lying in the regime 0 � n � 1

2 .
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4.1. ModelI : (� = �0)

In this case we assume n = 0 in eq. (40) which gives
� = �0 = constant. By the use of eqs. (23) and (37) in
eqs. (22) and (39), we obtain

4�(1 + )� = 12��0�4 + (�+ �)(�11 + �44) (41)

(1 + )� = 3(1 + )(�24 � �21)

+(�+ �)
h
(1 + 3)�11 + 3(1 + )

�1
r
� 2�44

i
�24��0�4: (42)

4.2. ModelII : (� = �0�)

In this case we assume n = 1 in eq. (40) which gives
� = �0� . By the use of eqs. (23) and (37) in eqs. (22)
and (39), we obtain

4�� =
(�+ �)(�11 + �44)

(1 +  � 3�0�4)
(43)

(1 + )� = 3(1 + )(�24 � �21)

+(�+ �)
h
(1 + 3)�11 � 2�44 + 3(! + )

�1
r

i

�6�0�44(�+ �)(�11 + �44)

(1 +  � 3�0�4)
(44)

These eqs. (41) - (44) will supply di�erent viable
models for suitable choices of �(t).

5. Conclusions

We have obtained conformally at spherically symmet-
ric cosmological models in the presence of a charged
perfect uid where the acceleration is always directed in
radial direction and the uid ow in t-direction is uni-
form. We have also discussed two particular cases. In
both cases we observe that the energy conditions hold
good and the cosmological constant is found positive
and is decreasing function of time which is consistent
with the present observations. The model is expanding
with time but non-rotating and non-shearing.

Assuming �(t) = �0�n , where � is the energy density
and n is the positive index, we have obtained exact
solutions. The e�ect of the bulk viscosity is to produce
a change in the perfect uid.
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We discuss recent constraints on degeneracy parameters and neutrino masses, focusing on cosmological implications
of neutrinos. When neutrinos are considered as Dirac particles with quite high values of degeneracy parameter
adopted, the contribution of two avors to the total density parameter of the Universe can be as high as 
� = 0:45 .
In this case constraints on other cosmological parameters like 
CDM and
� have to be reconsidered. Otherwise,
if neutrinos are Majorana particles or neutrino oscillations are important at the early Universe, energy density of
neutrinos is negligible. The Jeans mass and free streaming of degenerative neutrinos are considered.

1. Introduction

The status of neutrino in cosmology in the light of
recent experimental data is being revised now. The
cosmological data comes from Big Bang nucleosynthe-
sis (BBN) together with cosmic microwave background
(CMBR)anisotropy [1] and large-scale structure (LSS)
[2-4]. The detection of neutrino oscillations [5] provides
strong constraints as well [6].

After ruling out the Hot Dark Matter (HDM) mod-
els, mainly because of very low mass and free stream-
ing [7] of relativistic neutrinos, the Cold Dark Matter
(CDM) models are considered to be responsible for LSS
formation. To be consistent with experimental data
these models must include large enough � term. At
the same time one has to admit that the nature of �
term is still unknown. From the second hand,there is
no experimental proof of CDM particles existence, in
spite of huge number of hypothetical candidates.

Massive neutrinos still remain the natural candidate
for DM since we know that neutrinos exist [8]. It's cos-
mological implications were widely discussed in litera-
ture about twenty years ago [9]. Since experimental
limit on neutrino mass was quite undetermined, the
neutrino abundance was considered to be as large as
that to get closed cosmological model.

Today neutrino dominated Universe is no longer
considered as a viable model. However, cosmological,
as well as laboratory, constraints on neutrino mass and
chemical potential were made independently, without
taking into account inuence of nonzero chemical po-

tential on neutrino mass bounds and vice versa. Neutri-
no oscillations shows that it could not be a reasonable
approximation.

Taking bounds on the chemical potential and mass
of neutrinos from independent sources we show that
neutrinos still can have a large enough density param-
eter.

In this paper we shall also discuss the behavior of the
main cosmological quantities like neutrino free stream-
ing and Jeans mass. Section 2 is devoted to cosmologi-
cal and laboratory constraints on neutrino mass discus-
sion. In the section 3 we make a review of recent bounds
on the chemical potential of neutrinos. In section 4 neu-
trino oscillations and its role for these constraints are
discussed. In section 5 the energy density of neutrinos is
considered. We analyze Jeans mass and free streaming
for degenerative massive neutrinos in section 6. Section
7 contains discussion and conclusions.

2. Neutrino mass

Cosmological constraints on neutrino mass, as a rule,
are directly translated from constraints of neutrino
abundance through Gerstein-Zeldovich limit [10] (see
section 5). This limit, was derived assuming zero chem-
ical potential. Most authors until today use this limit,
i.e. direct relation between energy density and mass of
neutrino.

Today, galaxy cluster abundance limits on neutri-
no mass [3,4], as well as 2dF Galaxy Redshift Survey
[2], assuming zero chemical potential, give very small
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contribution from these particles to the energy den-
sity of the Universe. However, these estimations are
based on measuring of redshifts with z < 0:2. More-
over, they require additional assumptions and bounds
on other cosmological parameters. At the same time
data from Lyman � forest [11] from distant quasars at
z < 3 and compilations,including CMB, peculiar ve-
locities and LSS [12] give signi�cant contribution from
neutrinos 
� = 0:2� 0:3. Moreover, the set of cosmo-
logical parameters determining CMB anisotropy spec-
trum is still large and the degeneracy between these
parameters is present.

Recent laboratory limits on electronic neutrino mass
comes from tritium� decay [13]. These data give limits

m�e < 2:5 eV: (1)

At the same time, no direct measurements or con-
straints on muonic and tauonic neutrino masses exist.
Moreover, it is still unknown, whether neutrinos are
Majorana or Dirac particles.

Very recent data from neutrinoless double � decay
[14] give also lower bound on Majorana mass:

(0:05 � m�ee � 0:86) eV: (2)

3. Chemical potential

First constraints on neutrino degeneracy parameter
fromBBN were obtained in [15]. Recent data both from
BBN and CMBR [1,16-18] strongly constrain neutrino
degeneracy parameters. In paper [16] these constraints
are surprisingly wide, �e < 1:4 and j��;� j < 40. Other
papers give essentially stronger constraints using ad-
ditional assumptions, �e < 0:3 and j��;� j < 2:6. In
particular, [17] and [18] use very small range for varia-
tion of baryonic energy density 
bh2 , but constraints
on neutrino degeneracy are very sensitive to this pa-
rameter. In paper [1] very strong constrain on the
helium abundance was used.

A successive approach when the chemical potential
of particles (bosons and fermions) � is nonzero was de-
veloped by Ru�ni et al. [19]. The energy density of
neutrinos in this case depends not only on it's mass
but also on the chemical potential. This fact, as was
shown, provides a possibility to consider the Universe,
dominated by neutrinos with mass in range of few eV.
The LSS formation in the model with nonzero chemical
potential was examined in [20]. The cellular structure
appearing in these models, as was shown, have a frac-
tal nature. It was shown [21], that the small value of
�e and large values of j��;� j simultaneously, can lead
to BBN abundances which are consistent with observa-
tions.

The most important argument to neutrino chemical
potential existence is conserved number of these par-
ticles. Since neutrino oscillations provide arguments

to nonzero neutrino mass, massive Dirac neutrinos can
have nonzero chemical potential. At the same time,
pure Majorana neutrinos are their own antiparticles
and the chemical potential for Majorana particles is
zero. We consider both cases below.

4. Neutrino oscillations

When one consider di�erent chemical potentials for all
neutrino avors at the epoch prior to BBN, neutrino
oscillations equalize chemical potentials[22], if there is
enough time to relaxation process [23]. On the basis of
large mixing angle solution of the solar neutrino prob-
lem,which is favored by recent data [5], the BBN con-
sideration constrains degeneracy parameters j� � 0:07j
of all neutrino avors [6]. However the situation when
avor equilibrium is not achieved before BBN is also
possible. Thus in this paper we consider quite high val-
ues of the degeneracy parameter and assume it's posi-
tive value.

At the same time, data on solar and atmospheric
neutrino oscillations allow to make not only upper but
also a lower bound on the mass of electronic neutrino.

5. Energy density of massive
degenerative neutrinos

Assuming that neutrinos decouple from matter when
they were relativistic, their distribution function de-
pending on momentum p and time t is given by

f(p; t) = [exp(
p� �

kT (t)
) + 1]�1; (3)

where k is Boltzmann's constant, � is chemical po-
tential and T is neutrino "temperature", which is now
T�0 = 1:96K. The sign "-" in(3) corresponds to parti-
cles and the sign "+" corresponds to antiparticles. This
means that with positive value of the chemical potential
one has exponential excess particles over antiparticles.

The energy density of one avor of neutrinos today
is [20]


�+��h
2 ' 10�1g�(

m�

10eV
)A(�); (4)

where 
�+�� = (�� + ���)=�crit is the density param-
eter of neutrinos and antineutrinos in units of critical
density

�crit = 1:88 10�29h2 g=cm3; (5)

m� is the mass of one avor of neutrino, g� is the
number of helicity states, � = �=kT is degeneracy pa-
rameter and A(�) is given by

A(�) = [4�R(3)]
�1[

1

3
�3 + 4�R(2)�+ (6)
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+4
1X
n=1

(�1)n+1 e
�n�

n3
]:

Here �R(k) is the Riemann eta function of index k .
When the chemical potential of neutrino is zero, the

energy density of all neutrino avors today is given by
[10]:


�+��h
2 =

1

94eV

X
i=e;�;�

gim�i: (7)

This relation is known as Gerstein-Zeldovich limit, and
allow one to constrain neutrino mass directly from cos-
mological estimations of
� . The limit is even stronger
when nonzero chemical potential is assumed.

Electronic neutrino with very small mass and de-
generacy parameter cannot inuence signi�cantly on
cosmological evolution because of small energy densi-
ty. However, muonic and tauonic neutrinos are much
less constrained. We shall then consider 2 avors, as-
suming absence of sterile neutrinos, of Dirac (g = 1)
neutrinos with nearly equal masses and chemical po-
tentials. We use the symbol � for the common value of
the two degeneracy parameters. Moreover, we assume
that the Universe is at, 
 = 1. For energy density
calculations we set h = 0:7.

It is necessary to note, that many authors (for ref-
erences see [8]) express the relation between neutrino
degeneracy parameter and energy density of one avor
by means of an e�ective number of additional neutrino
species �N� :

�N� � 15

7
[(
�

�
)4 + 2(

�

�
)2]: (8)

This relation, however, is a consequence of energy
density dependence on chemical potential and, more-
over, is limited by condition �N � 1. The energy
density dependence on chemical potential can be used
directly to constrain the chemical potential instead of
eqn.(8).

This relation in the case of massless neutrinos in
thermal equilibrium has the form:

��+�� =
7

8

�2T 4

15
[1 +

30

7
(
�

�
)2 +

15

7
(
�

�
)4]: (9)

It is easy to show, that in massive case the depen-
dence on degeneracy parameter at early Universe is the
same if m� is few eV, sincem� � T and then the
neutrinos are in their ultrarelativistic regime. Thus to
constrain degeneracy parameter fromBBN or CMB one
can use relation(9).

One can see that quite high values of neutrino en-
ergy density is still possible. If one consider two Dirac
neutrino avors with equal masses and chemical poten-
tials, �� = �� � 2:6 [18] and m�� = m�� � 2:5 eV [13],
one gets the upper bound


�+�� � 0:45: (10)

In the case in which the masses are still equal, but
only one avor is degenerate, while the other has null
chemical potential, the bound on the degeneracy pa-
rameter becomes � � 3:1. The corresponding bound
on the density parameter is


�+�� � 0:31: (11)

From the other hand, if neutrino oscillations were
important at the epoch of BBN, or neutrinos have Ma-
jorana mass, then the upper bound on neutrino energy
density is

0:0033 � 
� � 0:057: (12)

if � = 0 and (0:05 � m� � 0:86)eV for all three neu-
trino species.

6. Free streaming and Jeans mass of
degenerative neutrinos

In neutrino dominated Universe the �rst possible struc-
ture occurs when these particles become nonrelativistic.
At this epoch the cosmological redshift has the value

1 + znr ' 1:7 104
� m�

10eV

�
A(�)

1
2B(�)�

1
2 ; (13)

where

B(�) = [48�R(5)]
�1[

1

5
�5 + 8�R(2)�

3+ (14)

48�R(4)� + 48
1X
n=1

(�1)n+1 e
�n�

n5
]:

Assuming recent bounds on neutrino mass and
chemical potential one can see, that neutrinos become
nonrelativistic very close to recombination.

The basic mechanism for fragmentation of the initial
inhomogeneities in an expanding Universe is governed
by the Jeans instability. The characteristic scale as-
sociated with this instability is the Jeans length�J =p
�v2s=G� and the corresponding mass, the Jeans mass,

is de�ned by MJ = 4=3��m(�J=2)3 , where v2s is the
velocity of sound and �m is the mass density of the
Universe. Note, that in nonrelativistic regime there is
no di�erence between energy density and mass density.

However, in the calculation of Jeans' length of non-
relativistic collisionless neutrinos, we cannot use the
velocity of sound as obtained byvs = @P=@� . In-
stead, we have to make the substitutionv2s !< v2 > =3
[24], where the correct expression for < v2 >can be
obtained by solving perturbed Vlasov (or collisionless
Boltzmann)equation in the background of an expand-
ing Universe. This gives at z = znr is:

< v2 >= 12
�R(5)

�R(3)
(
kT�0
m�

)2
B(�)

A(�)
: (15)
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Figure 1: The normalized velocity dispersion < vn >=
<v2>1=2(�)

<v2>1=2(0)
dependence on degeneracy parameter with �xed

value of energy density

Finally, the Jeans mass (which has maximum at the
moment (13)) is [24]

MJ (znr) = 1:475 1017M�g
� 1

2
� N

� 1
2

� � (16)

�( m�

10eV
)�2A(�)�

5
4B(�)

3
4 :

The Fig. 1 represents the dependence of the velocity
dispersion on neutrino degeneracy parameter with �xed
energy density. The neutrino mass falls approximately
as ��2 (with small � ) when the degeneracy parameter
grows with constant energy density.

From this �gure one can see that with low values of
degeneracy parameter (� � 1:5) the velocity of neutri-
nos practically do not change. At the same time with
su�ciently high � � 4 the velocity grows an order of
magnitude being compared to the same velocity with
zero degeneracy parameter.

This means that free streaming, which is determined
by the neutrino velocity, grows signi�cantly only with
high values of degeneracy parameter. Since the free
streaming length and the Jeans length are nearly equal
[25], all the perturbations below the Jeans length are
damped [7]. Thus, structure formation at scales less
that the peak of Jeans mass at (13) suppressed in the
Universe, �lled only by neutrinos with equal masses.
However, the scale of the Jeans mass peak could deter-
mine the cellular structure [20], which can be observed.

The peak of Jeans mass depending on degeneracy
parameter for di�erent �xed values of energy density as
well as with constant mass m� = 2:5 eV is shown at
Fig. 2.

By comparing di�erent curves with �xed value of �
one can �nd the well known result, that the Jeans mass
increases with decreasing neutrino mass. With growth
of degeneracy parameter, however, neutrino mass de-
creases, and its di�erent values correspond to di�erent

Figure 2: The Jeans mass dependence on degeneracy pa-
rameter with �xed value of energy density, curves (1-5).
Curve (1) corresponds to energy density 
� = 0:11. Curve
(2)corresponds to 
� = 0:3. Curve (3) represents neutrino
energy density 
� = 0:5 and, �nally, curve (4) gives Jeans
mass for
� = 1. The dashed line represents Jeans mass
dependence on degeneracy parameter with �xed neutrino
mass m� = 2:5 eV

points at the same curve. For instance, when the degen-
eracy parameter equals to � = 1the neutrino mass de-
creases approximately 1.5 times with respect to� = 0;
when � = 2 the mass decreases 3 times.

The region above the dashed line in Fig. 2 repre-
sents the region in which the neutrino mass is less than
2.5 eV. It's interesting to note, that this value of m� is
still su�cient to obtain 
� = 1 with� � 4.

7. Discussion and conclusions

The upper bound on energy density found in the paper,

� � 0:45, is very important so far as it provides so
high neutrino contribution to the energy density of the
Universe. It is higher than contribution from CDM
particles. This means that we need to reconsider recent
constraints on cosmological parameters like 
m and 
�

if the current values of degeneracy parameter will be
adopted. At the same time,when degeneracy parameter
is not very high, � � 1:5, the Jeans mass practically do
not depend on it (with �xed 
� ).

From the other hand, if neutrino oscillations played
signi�cant role at the epoch of BBN, or neutrino is a
Majorana particle, the upper bound on it density pa-
rameter is 
� � 0:05.

The free streaming of neutrinos with acceptable val-
ues of degeneracy parameter is practically the same as
in the case of � = 0. The e�ect of free streaming allows
cellular structure formation on very large scales.
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From the viewpoint of quantum mechanics, the classical electromagnetic �eld is considered as a dual particle-wave
object the space coordinate and the momentum of which are de�ned separately. The coordinate space-time is de�ned by
the Galilei transformation. The momentum space-time is de�ned by the Lorentz transformation. Since the coordinate
space-time is de�ned by the Galilei transformation, observers in the rest and in the moving frames describe events
in the same way.

The principle of relativity reads that events occur-
ring in any inertial frame do not depend on the motion
of the frame. This means that the physical laws are
invariant under the transformation of space and time
coordinates from one inertial frame to another. Such
a transformation de�nes the space-time. Equations of
the Newton mechanics are invariant under the Galilei
transformation

x0 = x� vt; y0 = y; z0 = z; t0 = t; (1)

where coordinates of space x , y , z and time t describe
the rest frame, coordinates of space x0 , y0 , z0 and time
t0 describe the moving frame, v is the speed of the
moving frame. Thus the Galilei transformation de�nes
the space-time in the Newton mechanics.

Equations of electrodynamics are not invariant un-
der the Galilei transformation. Einstein [1] developed
the theory of special relativity on the basis of two pos-
tulates. The �rst, the principle of relativity in the elec-
trodynamics holds true. That is electromagnetic events
occurring in any inertial frame do not depend on the
motion of the frame. The second, the speed of light do
not depend on the motion of the source of light, the pos-
tulate of invariance of the speed of light. To investigate
the coordinate transformation in the electrodynamics
one can use equation for the light interval

x2 + y2 + z2 � c2t2 = 0; (2)

where c is the speed of light. Einstein applied the prin-
ciple of relativity and the postulate of invariance of the
speed of light to eq. (2) and obtained the Lorentz trans-

1e-mail: khokhlov@cafe.sumy.ua

formation

x0 =
x� vt

(1� v2=c2)1=2 ; y0 = y; z0 = z;

t0 =
t � xv=c2

(1� v2=c2)1=2 :
(3)

According to Einstein, the space-time in the electrody-
namics is de�ned by the Lorentz transformation.

In the space-time de�ned by the Lorentz transfor-
mation, observers in the rest and in the moving frames
describe events in the di�erent way. According to Ein-
stein, the true (physical) description of the event occur-
ring in some frame is given by the observer in the same
frame. However this sentence cannot be veri�ed by the
observers in the other frames. Therefore the space-time
de�ned by the Lorentz transformation has not physical
meaning.

In the electrodynamics, dynamical vectors and co-
ordinate vectors are related as

p/1
r
; (4)

where p is the momentum, r is the radius vector. For
the electromagnetic �eld, the energy and momentum
are related as E = pc , the radius vector and time are
related as r = ct . Then from eq. (4) it follows

E / 1

t
: (5)

In view of eqs. (4,5), one can write eq. (2) in the form

1

p2x
+

1

p2y
+

1

p2z
� c2

E2 = 0: (6)

When applying the principle of relativity and the pos-
tulate of invariance of the speed of light to eq. (6), one
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obtains the Lorentz transformation for the momentum
and energy

p0x =
px(1� v2=c2)1=2

1� v=c ; p0y = py; p0z = pz;

E0 =
E(1� v2=c2)1=2

1� v=c
:

(7)

In the Einstein special relativity, eq. (2) describes the
coordinate space-time, eq. (6) describes the momen-
tum space-time. Both the coordinate space-time and
the momentum space-time are de�ned by the Lorentz
transformation.

Einstein considers electromagnetic �eld as a wave.
Within the framework of quantum mechanics, electro-
magnetic �eld is conceived as a quantum object, pho-
ton, which has the dual particle-wave nature. The
space coordinate r and the momentum of photon p
are bound by the Heisenberg uncertainty principle

pr � ~

2
; (8)

where ~ is the Planck constant. Therefore one cannot
simultaneously de�ne the space coordinate and the mo-
mentum of photon. When considering classical electro-
dynamics, one should take into account the constraints
imposed by the quantum mechanics. That is to consid-
er electromagnetic �eld as a dual particle-wave object
the space coordinate and the momentum of which are
de�ned separately. It is reasonable to de�ne the coor-
dinate space-time considering electromagnetic �eld as
a massless particle and the momentum space-time con-
sidering electromagnetic �eld as a wave.

Consider electromagnetic �eld as a massless parti-
cle. De�ne the coordinate space-time with the use of
equation for the motion of the massless particle

�x� c�t = 0: (9)

Apply the principle of relativity and the postulate of
invariance of the speed of light to eq. (9). One can see
that the Galilei transformation leaves eq. (9) invariant.
Hence the coordinate space-time in the electrodynamics
is de�ned by the Galilei transformation. That is coor-
dinate vectors in the electrodynamics follow the Galilei
transformation.

Consider electromagnetic �eld as a wave. De�ne the
momentum space-time with the use of eq. (6). From
the above consideration it follows that the momentum
space-time is de�ned by the Lorentz transformation giv-
en by eq. (7). That is dynamical vectors in the electro-
dynamics follow the Lorentz transformation.

Thus, in the electrodynamics, coordinate vectors
and dynamical vectors are transformed in the di�erent
way. Coordinate vectors follow the Galilei transforma-
tion, dynamical vectors follow the Lorentz transforma-
tion.

Let the electromagnetic wave move from the emitter
to the receiver. Let the receiver be in the rest frame,
and the emitter be in the frame moving with the speed
v . In the moving frame, the momentum of the electro-
magnetic wave is de�ned with the Lorentz transforma-
tion

p0 =
p(1� v2=c2)1=2
1� v cos�=c

; (10)

where � is the angle (in the frame of the receiver) be-
tween the direction of the electromagnetic wave and
the direction of the emitter. The �rst order term v=c
is due to the inertial frame with the speed v . The sec-
ond order term v2=c2 is due to the non-inertial frame
with the gravitational potential of the inertial force v2 .
Therefore, the �rst order e�ect is relative (depends on
the angle �), and the second order e�ect is absolute
(do not depend on the angle �).

Since the coordinate space-time is de�ned by the
Galilei transformation, observers in the rest and in the
moving frames describe events in the same way. Then
both observers in the rest frame and in the moving
frame determine the momentum of the electromagnetic
wave in the rest frame as p and in the moving frame as
p / (1 � v2=c2)1=2 . In this point, the presented theo-
ry and the Einstein theory diverge. According to Ein-
stein, an observer in the moving frame determines the
momentum of the electromagnetic wave in the moving
frame as p , and an observer in the rest frame deter-
mines the momentum of the electromagnetic wave in
the moving frame as p / (1� v2=c2)1=2 . According to
Einstein, the true (physical) momentum of the electro-
magnetic wave in the moving frame is determined by
the observer in the moving frame and is given by p .
The true (physical) momentum of the electromagnetic
wave in the rest frame is determined by the observer
in the rest frame and is also given by p . According
to the presented theory, any observer determines the
true (physical) values in any frame. So, the true (phys-
ical) momentumof the electromagnetic wave in the rest
frame is given by p , the true (physical) momentum of
the electromagnetic wave in the moving frame is given
by p / (1 � v2=c2)1=2 . Note that since the second or-
der e�ect is absolute the rest and the moving frame are
de�ned here with respect to the inertial forces.

References

[1] W. Pauli, \ Theory of Relativity ", Pergamon, New
York, 1958.



Spacetime &Substance, Vol. 3 (2002), No. 4 (14), pp. 181{182
c 2002 Research and Technological Institute of Transcription, Translation and Replication, JSC

WHY THE HUBBLE PARAMETER GROWS UP?

Alex M. Chepick1

Nizhni Novgorod, Russia

Received October 10, 2002

The increase during time of the Hubble parameter is explained from the point of view of the state Universe model.
Also it is demonstrated why measurements give now and will give in future a decreasing of the Hubble constant.

Introduction

In 1995 when models of the Universe with decreasing
rate of the scale factor's growth were still considered
as the most probable, Tammann [1] has made a predic-
tion, what by July, 1, 2007 exact value of the Hubble
constant will be established: H0 = 55 km/s/Mpc. This
statement was based on restriction of age of the Uni-
verse, and on the noticed decreasing of size of the Hub-
ble constant from measurement to measurement. The
Hubble constant behaved incorrectly, not �tting to the
accepted models of the Universe with zero cosmological
constant.

But right at the end of XX century two indepen-
dent groups of researchers headed by S. Perlmutter [2,
(further P1998)] and W. Freedman [3, (further F2000)]
have found out the phenomenon of the accelerated ex-
pansion of the Universe.

This unexpected result is deduced as consequence of
the proved increase during time of Hubble parameter
what has forced scientists to recollect Einstein's idea
about nonzero cosmological constant and to search for
its explanation.

The speci�ed conclusion has been made on the basis
of the Big Bang theory (BB). Meanwhile, the conclusion
about such behavior of Hubble parameter follows easily
from model of the state Universe.

1. Hubble constant in the expanding
Universe

In tables 6, 9, 10 [F2000] it is possible to see, how
Hubble parameter decreases with growth of distance
up to objects, what corresponds to growth of Hubble
parameter during time. We shall express Hubble pa-
rameter H (t) through the scale factor a (t): H (t) =
a0 (t)/a (t), where t is time past from the moment of
the Big Bang. The Hubble constant is value of Hubble

1e-mail: redshift0@narod.ru

parameter at the current moment t0: H0 = H (t0).
Growth H (t) tells that the scale factor should increase
not simply, but with acceleration. In turn, the acceler-
ated growth of the scale factor tells about in�nite ex-
pansion of the Universe, without transition in a stage
of compression. It brings an attention to the question
before cosmology not only what was up to and during
the Big Bang but also what will be after that, because
representation about possible yclicity, repeatability of
existence of the Universe does not satisfy any more now.

Besides, the question about the reasons generating
nonzero cosmological constant has appeared. Attempt
to explain its action with the help of Kazimir E�ect
does not satisfy, because it is completely not clear, how
Kazimir force inuences on metric of the the space and
increases the scale factor, so as it changes the metric
distance between objects, but at the same time it not
shift these objects from their places. And if the objects
are moving, then these forces should have such energy,
that the far galaxies would move concerning us with by
almost light's speed. Besides there is no proof, what
the greater \volume" of vacuum will give stronger the
Kazimir E�ect. It is what should be carried out for
prospective action of the cosmological constant.

And one more remark is about stationarity of the
orbit. In particular, orbit's stationarity of the Earth is
necessary for existence of life on our planet. Clearly,
that speed of change a0 (t) of the scale factor a (t) is
nonzero as Hubble parameter is nonzero. Hence, the
scale factor is variable. If expansion of Universe is
the comprehensive phenomenon, then electromagnet-
ic and gravitational forces should correspond strictly to
change of the scale factor a (t) > 1 for neutralization of
this expansion in atoms, bodies, planetary systems and
galaxies. Assume, for example, that at some moment
we have stationary orbits in some planetary system, in
which the scale factor a (t) = const > 1 operates. In
that case the aspiration to increase of orbit radius is
compensated to the greater value of gravitational con-
stant G , than in a case a (t) = 1. But if the scale
factor is variable then any value G cannot provide the
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stationarity of planet's orbit in this star system, as the
variable increase in radius of an orbit results to vari-
able decreasing of gravitational attraction force. And it
would not been compensated by any constant value G .
That is, the orbit of a planet have to be non-stationary.
And as it isn't so, the scale factor can not act (as its
operating will not be balanced) within the limits of a
gravitational �eld, at least, there, where the attractive
force is directed to one center of mass and there can
be cyclical orbits (therefore we see the galaxies do not
expanded).

In tables 1, 2 [P 1998] the redshifts and magnitudes
of Supernovae Ia type at the top of their luminosi-
ty are given. These data have allowed to Perlmutter
to announce about unexpected behavior of Hubble pa-
rameter depending on redshift. dependence of on. The
similar data from the tables 6, 7, 9, 10 [F2000] have
con�rmed this conclusion. In particular, in P 1998 it
has been noticed, that \Supernovae in redshift z =
(0:3� 1:0)give on the average on 0:28mag the greater
distance, than expected" (it was implied � = 0). It is
equivalent to reception of energy smaller than count-
ed, from the object which is set on known distance or
redshift.

Let's consider more in detail the formula of lumi-
nosity: E = L

��
R2
0 

2 (z)K (z)A (z)
�
,

where E - accepted power of a stream of energy, L
- luminosity of object, R0 = c/H0 , R0 (z) - metric
function of distance (depends on the chosen model),
K (z) - K-correction, A (z) factor of absorption.

As energy from far object comes less than count-
ed (for given z ) it is necessary to de�ne, that distance
R0 = c/H0 should be longer, but for this purpose it is
necessary to reduceH0 . We received not only increas-
ing H (t) , but also decreasing of H0 .

As we, aspiring to increase accuracy of de�nition
H0 , try to increase data volumes for this purpose there-
fore it is necessary to take more and more far objects
(in course of time opportunities of astronomers grow).
But farther objects give smaller value H0 , it a�ects on
an average results of measurements. Hence, this pro-
cess of \decreasing of constant H0" will proceed until
models BB with � = 0 is used.

2. Hubble constant in the state
Universe

The formula of dependence of distance RS from red-
shift z in the state Universe has form:

RS (z) = c/H0 ln (z + 1) :

The conclusion of this formula is given by many au-
thors: Zwicky (1929) [4], Hubble (1932), Veinik (1969),
LaViolette (1986) [5], Zhuck N.A. (1989) [6], etc., in
their articles.

Let's analyze this dependence. In state Universe
distance RS (z) is not limited. But for any model BB
distance RBB (z) goes up to a limit: RBB (z) < c/H0 .
For z = 0 the ratio is executed: RS (0) = RBB (0) = 0.
For small z the ratio is executed: RS (z) = RBB (z) =
zc/H0 . Hence, RS (z) > RBB (z) for z > 0 .

Last inequality demonstrates, why visible luminos-
ity of objects should increase in the state Universe in
comparison with BB. Moreover, this conclusion is true
for any model BB because of it is made without a con-
crete de�nition of size of the cosmological constant.
Hence, the conclusion about \decreasing of constant
H0" will be true until any models BB with any � is
used.

Calculation of increase in distance (in magnitudes)
for SNe Ia in the state Universe in comparison with
at model BB with � = 0, 
 = 1 under the Mattig

metric formula: RBB (z) = 2 (c/H0)
h
1� (z + 1)�1/2

i
,

has given for z = (0:3� 1:0) increase on the average
on 0:26mag the greater distance.

Conclusions

1) The counted increase in magnitudes SNe Ia in the
state Universe in comparison with model BB with � =
0, 
 = 1 for z = (0:3� 1:0) has coincided with actual.

2) Supernovae in redshift z = (1:0� 1:5) will give
on the average on 0:13 mag the greater distance, than
expected for � > 0 (on 0:43 mag the greater distance,
than expected for � = 0).

3) The conclusion about \decreasing of constant
H0" will be true until any models BB with any � is
used.
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The impossibility of usage of the Doppler e�ect's relativistic formula for de�nition of a Hubble constant in the
expanding Universe is demonstrated most shortly and simply.

The formula of Doppler e�ect does not
�t for de�nition of the Hubble constant

When Hubble inferred his famous law v = HD , he
with clean conscience has used the relativistic formula
of Doppler e�ect for de�nition of a radial velocity v of
object:

(z + 1)2 = (z + v) = (c � v) ; (1)

where z is redshift, c is speed of light.
Many methods of de�nition of the Hubble constant

have appeared since then, but for the Static Universe
the de�nition of a radial velocity of objects and distance
up to it lies in the basis of the most of it. The meth-
ods of de�nition of distance D can be miscellaneous.
But the radial velocityv is determining only under the
relativistic formula of Doppler e�ect (1) or by its ap-
proaching for low speeds: v � cz .

For models of the expanding Universe the methods
of de�nition of Hubble parameter are based in the ma-
jority on the formula H (t) = a0 (t) =a (t), where a (t)
is time-depending scale factor.

And as the formula of Doppler is deduced for static
Universe and is tested only in it, then it is impossible
to apply this formula in expanding Universe.

Really, let for some source of light we have measured
redshift z . Guessing applicability of the formula (1) we
determine speed v of moving of this object in our sys-
tem of reference: v =

�
2z + z2

�
=
�
2 + 2z + z2

�
. Then

under relativity theory the pace of time in a system of

reference of the source grater in
�
1� (v=c)2

��1=2
of

times than pace of time in our system of reference.
But under the theory of expanding Universe the

pace of time in a system of reference of this source grater
in (z + 1) times concerning pace of time in our system
of reference [1].

Compare two expressions for pace of time:
We obtain with the help of the formula (1), the

equality (2) is executed only at z = 0, v = 0.
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Conclusions

1. The formula of Doppler e�ect deduced for the
static Universe, it is defaulted in the expanding Uni-
verse.

2. The formula of Doppler e�ect in the expanding
Universe should in addition depend on time of radia-
tion, reception time and scale factor.
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Guala-Valverde calculations are improved in order to get the correct sign for the induced emf.

PACS number: 41.20.Jb, 41.90.+e

After performing a series of epoch making experi-
ments which de�nitively solved the homopolar induc-
tion issue [1], [2], [3], [4], [5] Guala-Valverde (G-V) was
able to stress the hierarchy of the potential vector A in
the realm of classical electrodynamics [3], [4]. Although
essentially correct, G-V calculations can be improved in
order to get the correct sign for the induced emf. Don't
forget G-V gives "0 = �!B �R2

�
2
�
, a negative num-

ber, instead of the measured and classically calculated
" = "0 one [3], [4].

In fact, G-V performed an inde�nite integration
when solving Faraday's law in terms of the potential
vector, " = �d/dtHC A:dl and this oversimplifaction
was the responsible for the minus sign appearing in the
calculated emf.

In order to improve the above treatment we only
need to specify the actual integration path involved in
the above integration. In fact, Neumann's induction
law [3], [6], [7], " = �d/dtHC A:dl , can be divided into
two partial-path integrals,

" = �d/dt

2
64 Z
probe+collector

A:dl+

Z
CW

A:dl

3
75 =

= �d/dt
Z

probe+collector

A:dl (1)

the �rst one evaluated on the (moving) probe plus col-
lector (ring) path segments, the second on the closing
wire CW. The latter being at rest in the lab, and its
geometry remaining unchanged, the time derivative of
the second integral vanishes. The collector path is time-
dependent since it connects the moving probe with CW.
Therefore, the integration path available for the emf
calculation starts ar r = 0 on the probe and reach-
es the CW through the collector ring (Fig. 1). The
line element becomes dl = (dr) i1 � (r!dt) i2 when ex-
pressed in circular cylindrical coordinates and here, i.e.

1e-mail: ecogestion@ciudad.com.ar

Figure 1: The relevant features of the Homopolar generator

in the minus sign, rests our di�erence with G-V calcu-
lation. Remembering [3] that A = Ai2 = (Br/2) i2 ,
we get A:dl = �!rAdt = �dt �!Br2�2� , from which
results

" = �d/dt
Z

probe+collector

�dt �!Br2�2� =

= !Br2
�
2; r < R:

For r > R , a region in which Lorentz force vanishes,
A = BR2

�
2r and we get A:dl = � �!BR2

�
2
�
dt . Con-

sequently, " = !BR2
�
2 = constant for r > R . There

is continuity for the emf at r = R .
At the end, we also wish to point out some rather

strange statements recently wrote by G-V:
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Figure 2: Homopolar generator (top view). The arrows
show the integration path available for emf calculation

Figure 3: A wire clockwise rotation is equivalent to a mag-
net Counterclockwise rotation

1. Reference [4]: \Also Jehle's model of the elec-
tron must be thoroughly reconsidered. The standard,
classical electromagnetism is con�rmed". In-
deed, is Weber's electrodynamics what is con�rmed [8],
[9], rather than classical theory. According to Panof-
sky[10] and Shadowitz[11] rotation of an uniform mag-
net (@B/@t = 0 on nearby conductors) is unable to
generate an induced electrical �eld. G-V experiments
rescue the true relativistic nature of electromagnetic in-
duction (Fig. 2), a fact never acknowledged in classical
electromagnetism.

2. Reference [5]: \It is worthwhile to stress that the
homopolar machine is a famous example where Fara-
day's ux rule fails". We will show that Faraday's
induction law can be sensibly applied to homopolar
induction when the topology is correctly understood.
Employing Stokes' theorem and remembering that B =
curlA , Neumann's law becomes " = �d/dt RRS B:dS .
We only need to recognize that in dt seconds the probe
sweeps the area dS = r: (r!dt)/2 and B-ux increases
in the quantity BdS =

�
!Br2

�
2
�
dtacross the probe-

plus-collector ring plus closing wire closed circuit. The
induced current obeys Lenz's rule, since induced current
generates a magnetic �eld that oposes B-ux increase.
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Following our task on electrodynamic homopolar induction [1-8], we report new experimental evidence which gives
strong support to the relational (i.e. absolutely relativistic) Weber's electrodynamics [9], disproving the customary
absolutistic models. The non additivity of homopolar machines only can be understood within a relational framework.

PACS: 41.20.-q.

1. Short range B-�eld perturbations

A modi�ed Faraday disk setup allowed us to discover
the physics of homopolar phenomena and to locate the
seat of the induced ponderomotive and electromotive
forces [1-8], a fact denied by Einstein himself in his fa-
mous 1905 paper [10]. In our modi�ed version of the
Faraday setup, a region of a cylindrical uniform perma-
nent magnet was removed in order to achieve a B-�eld
short range inversion, the singularity from here on.

The key of the success of the reported experiments
lies in the topological features of the magnets singular-
ity. The short range �eld reversion allows the inver-
sion of both ponderomotive and electromotive e�ects
on a probe located on the singularity itself, leaving the
actions on a closing wire insensitive to such B-�eld
reversion.

In all the quoted experiments we employed a cir-
cuit composed by two mecanically decoupled wires: the
probe and the closing wire. Electrical continuity was
secured making use of mercuy channels.

Now we explore the mechanical behaviour of carry-
ing current rigid loops when interacting with the mod-
i�ed magnet.

Figure 1 (bottom) shows two independent conduct-
ing closed loops, axially located on the magnet and sym-
metrically anchored to the bench probe.The magnet,
embedded in a wood cylinder, is �rmly anchored to a
vertical shaft terminated in sharp points at both ends,
the lower one laying on a hard polished surface and the
upper one centered by a conical bearing, enabling its
almost frictionless rotation.

1.1. Experiment 1.

Direct current (DC) was injected in the left loop as
shown in �gure1, reaching some 50A. None rotation was
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Figure 1: Layout of the Asymmetrical Rotor and the probe
loops utilized in the experiments
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observed in the magnet, as expected from elementary
torque considerations [1-7]. Laplace' s force Idl � B
acting on the wires produces two equal and opposite
rotational torques acting respectively on the horizontal
nearby branch (NB) and on the closing circuit comple-
mentary branch (CB). Being NB mechanically coupled
to CB, a null resultant torque acts on the entire loop.
According to Newtons Third Law, also the magnet it-
self experiences a null torque.

Experiment 2

When DC reaches some 1.5A in the right loop, an os-
tensible (but spatially limited to the singularity) coun-
terclokwise rotation of the magnet is observed.

Due to its short-range nature, the B-�eld pertur-
bation around the singularity is unable to reach CB.
Briey speaking, CB in the right loop \sees" essen-
tially the same �eld pattern which CB \sees" in the
left loop. The entire loop is acted on by a clockwise
torque and the magnet reacts with an equal and oppo-
site torque (Newton' s third law), responsible for the
observed counterclockwise rotation.

Now both loops were decoupled from the probe
bench and then �rmly attached to the magnet. None
rotation was ostensible when DC reached up to 50 A in
both the left loop and the right one.

The three above experiments referred to a motor
con�guration can be repeated for a generator con�gu-
ration, with similar outcome. We only report here a
crucial experiment in which a 100 turns coil, decou-
pled from the bench probe, and free to rotate about
the shaft, was moved with alternative motion within
the singularity. A 250 mV AC signal was measured
with the aid of a high impedance metter. The same
experiments, with a 300 turns coil was performed in
identical conditions, giving a 750 mV AC output.

Later on we attached the 100 turns probe in the
magnets singularity. The magnet was here dynamically
balanced for accounting of the missing mass. When
the set was spun reaching some 1000 rpm, DC voltage
never surpassed the 2 mV. The same experiment was
repeated, in identical conditions, with the 300 turns
coil. Again, DC voltage never surpassed 2 mV.

2. The non additivity of homopolar
machines

The outcome of the four above reported experiments
becomes trivial working within a relational framework.
What matters for the developement of both pondero-
motive and electromotive e�ects, in the relationalists
eyes, is the motion of the loop with respect to the
magnet.

Within an absolutistic framework, what matters in
a generator con�guration is the absolute motion of

the conducting probe, being magnets rotation irrelevant
as far as @B/@t = 0 at each �xed point in the space.
When the loop is located in the magnet's singularity,
each branch NB and CB would behave, in the abso-
lutistic eyes, as two independent generators connected
in series, able to deliver the whole emf " . Consequent-
ly, the expected outcome for him would be N"mV for
a N turns coil rotating attached to the magnet in the
singularity.

3. Concluding remarks

The non existence of additive homopolar engines is an-
other independent experimental proof that disproves
the absolutistic viewpoints on the issue [11, 12,13].
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